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Abstract

Topological data analysis (TDA) has recently grown in popularity for analyzing

and visualizing high-dimensional data. One of the most popular tools from TDA is

the mapper construction, known as the mapper graph in the 1-dimensional setting. An

obstacle in the applications of the mapper graph is parameter selection, specically the

choice of a cover. In this thesis, we explore strategies for computing an adaptive cover

for the mapper graph using information theoretic measures, namly the Akaike informa-

tion criterion and Bayesian information criterion. We develop a new strategy inspired

by X-means, called multi-pass X-means, for adaptively splitting cover elements. We

demonstrate that multi-pass X-means produces mapper graphs that approximate the

topology of hand-tuned mapper graphs via experimental results on synthetic and real-

world datasets. Our preliminary results show that the usage of information theoretic

measures is a promising direction for parameter selection. Finally, we study a variant

of the mapper graph, called the enhanced mapper graph, introduced by Brown et al.

[3]. We provide an open-source library with both our adaptive cover strategies and one

of the rst implementations of the enhanced mapper graph.
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ABSTRACT

Topological data analysis (TDA) has recently grown in popularity for analyzing and

visualizing high-dimensional data. One of the most popular tools from TDA is the mapper

construction, known as the mapper graph in the 1-dimensional setting. An obstacle in the

applications of the mapper graph is parameter selection, specifically the choice of a cover.

In this thesis, we explore strategies for computing an adaptive cover for the mapper graph

using information theoretic measures, namly the Akaike information criterion and Bayesian

information criterion. We develop a new strategy inspired by X-means, called multi-pass

X-means, for adaptively splitting cover elements. We demonstrate that multi-pass X-means

produces mapper graphs that approximate the topology of hand-tuned mapper graphs via

experimental results on synthetic and real-world datasets. Our preliminary results show

that the usage of information theoretic measures is a promising direction for parameter

selection. Finally, we study a variant of the mapper graph, called the enhanced mapper

graph, introduced by Brown et al. [3]. We provide an open-source library with both our

adaptive cover strategies and one of the first implementations of the enhanced mapper

graph.
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CHAPTER 1

INTRODUCTION

Over the last two decades, the amount of unlabeled high-dimensional data has increased

at an unprecedented rate, as has the demand for data science tools to explore such data,

particularly by domain scientists. Topological data analysis (TDA) offers a rich set of tools

for the exploratory data analysis of high-dimensional data. TDA aims to find structure

within the data, particularly for datasets that are not easy to visualize and understand. As a

field, TDA encompasses a wide variety of approaches, including persistent homology [23] and

manifold learning [37]. One successful tool has been the mapper construction, a summary

of the data in the form of a simplicial complex.

First introduced by Singh et al. [33], the mapper construction is a way to visualize

high-dimensional point clouds. At its core, the mapper construction is a function-induced

soft-clustering method that captures topological information about the data (e.g., branches

or loops in high dimensions). The mapper construction has seen success in a variety

of fields, including network visualization [12], cancer research [20, 22], neuroscience [10],

and more [25]. In recent years, the ecosystem for developers and users alike has rapidly

developed in the form of Python libraries (e.g., KeplerMapper [35] and giotto-tda [34]) and

robust visualization tools for interactive data analysis (e.g., Mapper Interactive [39] and

TDAview [36]).

One major obstacle encountered by applications of the mapper construction is parameter

selection, specifically the creation of a cover. We focus solely on the 1-dimensional skeleton

of the mapper construction, referred to as the mapper graph. In this thesis, we explore how

information theoretic measures used in hard clustering can inform and generate adaptive

covers for mapper graphs. Our main contributions are as follows:

• We explore three strategies to apply the Akaike information criterion (AIC) and

Bayesian information criterion (BIC) to the problem of cover selection. We then
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demonstrate a specific strategy, referred to as the multi-pass X-means, on several

synthetic and real-world datasets; see Chapter 3.

• We provide an open-source library with all three adaptive cover strategies.

• We provide, to the best of our knowledge, the first implementation of the enhanced

mapper graph [3]. Our library includes GPU computation support, first introduced

by Zhou et al. [39], and the ability to export graphs to Mapper Interactive, a state-

of-the-art visualization tool for mapper graphs; see Chapter 4.

The rest of this thesis has the following structure. Chapter 2 details the necessary

technical background and related works. Chapter 3 outlines our three strategies for an

adaptive cover and provides results. Chapter 4 articulates the enhanced mapper graph and

discusses our implementation. Finally, we conclude in Chapter 5 with some closing remarks.

Manuscript Relevant to the Thesis:

• Generating Adaptive Covers for Mapper Graphs using Information Theory. Nithin
Chalapathi, Bei Wang. In preparation. 2021.

Other Publications:

• Mapper interactive: A scalable, extendable, and interactive toolbox for the visual ex-
ploration of high-dimensional data. Youjia Zhou, Nithin Chalapathi, Archit Rathore,
Yaodong Zhao, Bei Wang. IEEE Pacific Visualization Symposium, 2021.

• TopoAct: Visually Exploring the Shape of Activations in Deep Learning. Archit
Rathore, Nithin Chalapathi, Sourabh Palande, Bei Wang. Computer Graphics Forum,
40(1), pages 382-397, 2021.

• Correctness-Preserving Compression of Datasets and Neural Network Models. Vinu
Joseph, Nithin Chalapathi, Aditya Bhaskara, Ganesh Gopalakrishnan, Pavel Panchekha,
Mu Zhang. 4th International Workshop on Software Correctness for HPC Applications
Archive Listing, 2021.

• Interactive Visualization of Interdependent Power and Water Infrastructure Opera-
tion. Han Han, Konstantinos Oikonomou, Nithin Chalapathi, Masood Parvania, Bei
Wang. IEEE Power & Energy Society Innovative Smart Grid Technologies Conference
(ISGT), 2020.



CHAPTER 2

BACKGROUND AND RELATED WORK

In this chapter, we describe the technical background of the mapper graph and infor-

mation theoretic clustering measures. We end this chapter by describing the datasets used

in our experiments.

2.1 Mapper Graphs

2.1.1 Construction of a Mapper Graph

We lay out the formal definition of the mapper construction as introduced by [33]. We

focus on the 1-dimensional mapper construction. For the rest of this thesis, the mapper

construction refers to the process of generating a mapper graph.

Suppose we have some high-dimensional point cloud X ⊂ Rn. A cover V = {Vi}i∈I
of X is an indexed set of open sets of Rn endowed with the standard topology such that

X ⊂ ⋃i∈I Vi. Given V, we can construct a 1-dimensional nerve N of V. In general, N is

a simplicial complex. However, N1, the 1-dimensional skeleton of N , is a graph capturing

the intersections between elements of V. There are |I| vertices in N1(V), each representing

one of the cover elements. N1(V) contains an edge between vertices i and j if and only if

Vi ∩ Vj is nonempty (for Vi, Vj ∈ V).

Although the construction of N1 given V is straightforward, finding V for X is nontrivial

and that is where the mapper construction comes in. The mapper construction begins with

a high-dimensional point cloud X ⊂ Rn as well as a continuous function f : X→ Rm where

typically n >> m and m = 1 or m = 2. Suppose we can create a cover U = {Uj}j∈J (J

is an index set) of f(X). Then we can create V by considering the connected components

f−1(U). That is, for each Uj ∈ U , we treat the connected components of f−1(Uj) as cover

elements that make up V. The mapper graph is then defined as the 1-dimensional nerve of

V, M(X, f) := N1(V).

At first glance, it is not apparent that using a cover of f(X) alleviates the issue of
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constructing V since we still need to define U , the cover of f(X). However, in practice, f

is a scalar valued function with known meaning, and the cover U is a set of open intervals

in R. The most common choices for f fall into two categories. First, f may be a known

data attribute. For example, if X is a set of high-dimensional points representing basketball

players in the National Basketball League, f could be a function mapping players to their

average number of points scored per game. Second, f may be derived from the data, for

example, the L2-norm and eccentricity.

Assuming that f is a scalar function, the de facto method of constructing U is by

splitting the range of f(X) into l equally sized intervals, each with p percentage overlap

between adjacent intervals. We require the intervals to overlap in order to capture relations

among the cover elements. This method of creating U is called the uniform cover. A second,

but less widely used, method is the balanced cover. Again, the range of f(X) is split into l

intervals, but each interval contains an equal number of points, which ensures that denser

regions of f(X) are covered by more intervals and are a finer representation. Once again,

each adjacent interval has p percent overlap.

To illustrate the process of computing a mapper graph, we provide an example in Fig. 2.1.

In (a), we have the original point cloud X with the points in black. In (b) we have an example

<latexit sha1_base64="ctajA+Ew79AFF9gq5hDForI4aIg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBzOmM8A==</latexit>

f
<latexit sha1_base64="xcSFM3iJeIW6vE6QZ+Gva6HlHRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eKxhbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd+z2vV625dXcGsky8gtSgQLNX/er2E5bFKA0TVOuO56YmyKkynAmcVLqZxpSyER1gx1JJY9RBPjt1Qk6s0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/zOpmJroKcyzQzKNl8UZQJYhIy/Zv0uUJmxNgSyhS3txI2pIoyY9Op2BC8xZeXyeNZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTTBBwYDeIZXeHOE8+K8Ox/z1pJTzBzCHzifP9hHjYM=</latexit>

U1

<latexit sha1_base64="8F0LDs8mrHH8C43rd92gWTRpsoo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hu1XrniVt05yCrxclKBHI1e+avbT1gWozRMUK07npuaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xicz0XUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEb/nlVdKsVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPZy42E</latexit>

U2

<latexit sha1_base64="8NvLLcKmWhpWGZkJ9BenqImMD4I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eKpi20oWy223bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omDjVjPsslrFuhdRwKRT3UaDkrURzGoWSN8PR7dRvPnFtRKwecZzwIKIDJfqCUbTSg98975YrbtWdgSwTLycVyFHvlr86vZilEVfIJDWm7bkJBhnVKJjkk1InNTyhbEQHvG2pohE3QTY7dUJOrNIj/VjbUkhm6u+JjEbGjKPQdkYUh2bRm4r/ee0U+9dBJlSSIldsvqifSoIxmf5NekJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI4q3qXVe/+olK7yeMowhEcwyl4cAU1uIM6+MBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wfbT42F</latexit>

U3
<latexit sha1_base64="X7BvSpS7JPdBoQG2I4v51LYbSFo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hu1XrniVt05yCrxclKBHI1e+avbT1gWozRMUK07npuaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xicz0XUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEb/nlVdK8qHqXVe++Vqnf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPc042G</latexit>

U4
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Figure 2.1. Example mapper graph computation. (a) The point cloud X. (b) The filter
function along with a cover. (c) The resulting mappar graph.
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filter function. For each point in X, f provides a corresponding value. Fig. 2.1(b) has a

uniform cover U with eight elements. In (a), we overlay the connected components of each

f−1(Ui) in (b). V1, V2, and V11 are the first, second, and eleventh elements of V, an open

cover on X. Each Vi becomes a vertex in the mapper graph shown in (c). Edges in (c) are

added when there are overlapping elements between two Vi.

2.1.2 Mapper Construction Parameters

In practice, the above construction has a number of parameters a practitioner must

specify. First, a filter function f , sometimes called a “lens”; l, the number of intervals

to cover f(X); and p, the percent overlap. Finally, a clustering algorithm must be used

to find the connected components of f−1(Ui). Although any clustering algorithm works,

most common applications use an algorithm without a fixed number of clusters. DBSCAN

(Density-based spatial clustering of applications with noise [9]) is a common choice. How-

ever, DBSCAN introduces two new parameters: ε and minPts. DBSCAN clusters points

by density; clusters are formed if there are minPts within ε distance of each other. During

the clustering step, X must also be endowed with a metric, such as the Euclidean distance.

2.1.3 Related Works

Parameter selection has long been a challenge faced by users of the mapper framework.

Carrière et al. [5] proved that under certain assumptions about the input point cloud,

the mapper graph is an optimal estimator for the Reeb graph. They also introduced

a procedure for selecting the most stable parameters. Stability in this setting means

that under parameter perturbations, the resulting mapper graph does not change. Their

procedure involves repeatedly computing the mapper graph over a sample of the data while

comparing the extended persistence [24] between the mapper graph and a ground truth.

Brown et al. [3] studied the convergence between the Reeb graph and the mapper graph,

extending the work of Munch and Wang [21]. In [3], the authors introduced a theoretical

object called the enhanced mapper graph. This variant captures more geometric information

about the point cloud than the classic mapper graph. The construction process of the

enhanced mapper graph can be found in Chapter 4.
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2.2 Information Theoretic Clustering Measures

Within the field of clustering, there are many measures for assessing the quality of a

clustering. Broadly speaking, the question of clustering quality is a question of model

selection. Given some set of models M1, . . . ,Mn, how does one select the best model? In

the supervised setting where the data have labels and our goal is to group points with

similar labels together, we can use external validation (e.g., cross validation). However, the

mapper graph is primarily used as a data exploration tool and well-defined labels are rare.

In situations like this, we use internal evaluation, the process of deriving some score based

on the internal properties of the clustering. Information theoretic measures are one class of

internal evaluation methods.

AIC and BIC. At the core of information theoretic measures is the idea of minimizing the

Kullback-Leibler (KL) divergence, also known as relative entropy [6]. The KL divergence is

a way of informally describing the distance between two probability distributions. Note that

the KL divergence is not a metric since it is not symmetric nor does it satisfy the triangle

inequality. Nonetheless, it still provides a way to compare two probability distributions. If

P and Q are discrete probability functions defined on the same probability space X , then

the KL divergence is:

DKL(P ||Q) =
∑
x∈X

P (x) log

(
P (x)

Q(x)

)
(2.1)

Suppose we have a dataset X. We assume that there is an underlying generative process

from which X is sampled. Let the associated probability function of the generative process

be P . M1, . . .Mn is a set of parameterized probability models with parameters θ1 . . . θn,

and denote the probability functions as P (x;Mi) for model i. The best model will be the

one that minimizes the KL divergence.

One measure derived from this idea is the Akaike information criterion (AIC) [1, 4]. For

a given model Mi, the AIC is:

AIC(Mi) = 2 · l̂(Mi;X)− 2 · pi (2.2)

where l̂ is the maximum log likelihood estimation of Mi given dataset X and pi is the number

of parameters estimated in Mi (i.e., |θi|).
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Another commonly used information theoretic measure is the Bayesian information

criterion (BIC) [15, 26, 32]. If we assume that P (x;Mi) has a prior distribution, the KL

divergences gives rise to the following formulation of the BIC:

BIC(Mi) = l̂(Mi;X)− pi
2
· log |X| (2.3)

The model with the highest AIC or BIC score is the selected model. In some of the

literature, there is a factor of -1. In this case, the process for the computation is the

same but the model with the smallest score is instead selected. In this thesis, we use

the maximization variant. Neither formulation directly gives a quality assessment for a

particular model. Their main usage is in comparing a set of models and selecting the best

one. In other words, the magnitude of a single AIC or BIC score is not relevant. Similarly,

all the models must operate on the same probability space.

Both methods balance the trade-off between fit and complexity. The log likelihood term

measures how likely a model is given the observed data whereas the pi term penalizes models

with more parameters, and hence discourages overfitting.

2.2.1 X-Means

One of the most popular clustering algorithms is k-means [2]. In k-means, the selection

of the parameter k is a widely discussed topic with multiple established approaches such as

cross validation [29], the silhouette score [31], and various indices [28]. One clustering algo-

rithm that heavily uses the BIC is X-means [26], a variant of k-means. X-means attempts

to solve three large issues that plague k-means: poor computational scaling, parameter

selection, and getting stuck in local minima. For our purposes, parameter selection is most

relevant.

At its core, X-means consists of two alternating steps. First, given a k, the method

finds the best k-means clustering. In most implementations, this is done using Lloyd’s

algorithm [14, 18] or its variants. Given the best k clustering, X-means then runs an

Improve Structure step. Improve Structure determines if and where new clusters should be

added by splitting a particular cluster. For the i-th cluster, there is a subset of the data Di

assigned to cluster i. Treating Di as the whole dataset, X-means computes its BIC score.

It then runs a 2-means clustering and again computes the BIC score. If the 2-means BIC
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score is larger than the 1-means BIC score, the original centroid is replaced with the two

new centroids computed. The 2-means clustering is initialized by splitting the i-th centroid

in two. The two new centroids are moved along a random direction with the distance

proportional to the size of the region Di. Note that when running the 2-means, only points

in Di contribute to the location of the new centroids.

2.3 Datasets

Here we outline the three datasets used in Chapter 3, one synthetic dataset and two

real-world datasets: Circles, COVID-19, and CIFAR-10. For each, we also define the filter

function. All three datasets have either a known mapper graph or have been studied by

prior work. Thus, they provide a collection of known datasets to compare our new cover

selection schemes.

Circles The circles dataset is comprised of two concentric 2D circles with a total of

2000 points. The filter function is the second dimension of each point (i.e., the y-axis).

See Fig. 2.2 for an image of the two circles.

Figure 2.2. Visualization of the Circles dataset.

COVID-19 Within the United States, various states are affected by the COVID-19 pan-

demic differently. The second dataset consists of statistics for different states from April 12,

2020 to September 18, 20201. We specifically look at Arizona, California, Florida, Georgia,

1COVID-19 Data Repository by the Center for Systems Science and Engineering (CSSE) at Johns Hopkins
University: https://github.com/CSSEGISandData/COVID-19
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Illinois, New Jersey, New York, North Carolina, and Texas. There are 1431 data points,

each corresponding to a daily snapshot of a state with respect to seven measures: confirmed

cases, deaths, active cases, people tested, testing rate, mortality rate, and incidence rate. All

rate values are per 100k individuals. The filter function we use is the number of days since

April 12, 2020. Zhou et al. [39] applied the Mapper framework and found that particular

states form branching structures, suggesting that they have different epidemic trends.

CIFAR-10. The final dataset comes from deep learning, following the procedure outlined

by Rathore et al. [30]. One of the main challenges in deep learning is interpretability.

That is, given a neural network, how do we explain its behavior? In our case, we use

ResNet-18 [13], a popular image classification neural network with 18 layers and 8 residual

blocks, trained on CIFAR-10 [16]. CIFAR-10 is an image classification dataset with 60,000

28x28 images spread across 10 classes (e.g., dog, cat, airplane). To collect the activations, we

run a forward pass of a trained neural network using all images and extract the intermediate

representations between layers. We use a sample of the activation vectors from the third

residual block. Each activation vector has 256 dimensions, and we sample 50,000 of the

possible 1 million activations. We ensure each class has 5,000 activation vectors so that

each class is represented. Similar to [30], we use the L2 norm as the filter function. In [30],

the authors note that the classes start to separate in the form of bifurcations within the

mapper graphs.



CHAPTER 3

COVER SELECTION

3.1 Methodology

In order to explain the three strategies for generating an adaptive cover, we first artic-

ulate how to compute the AIC and BIC for mapper graphs.

3.1.1 AIC and BIC on Mapper Graphs

Let X be a point cloud with a lens function f : X → R and xi denote the i-th point of

X. We assume that X is equipped with the standard Euclidean metric. Given a mapper

graphM, we can create a hard clustering. Let V be the vertices ofM and k = |V |. We can

generate k centroids, each representing a vertex of the mapper graph by taking the mean

of the corresponding points. If Xj represents the points belonging to vertex vj , then the

location of the j-th centroid is:

µvj =
1

|Xj |
∑
xi∈Xj

xi (3.1)

For points that belong to only one vertex, we assign their membership to the corresponding

cluster. However, for each point that exists in two or more vertices, we assign it to the

nearest center. Suppose point xi belongs to a set of vertices V(i) inM. Then the assignment

of xi is argminvj∈V(i) ||xi − µvj ||2. Points that do not belong to any vertex are assigned to

the vertex with the nearest centroid. In Fig. 3.1, we use the point cloud and mapper

graph from Fig. 2.1 to compute a hard clustering. The colors of the mapper graph vertices

correspond to the clusters, and the center of each cluster is a red dot.

We now have k centroids and a unique assignment for each point xi. We treat the set of

centroids µv1 . . . µvk as the means for k identically spherical Gaussian distributions. Under

this assumption, the set of centroids acts as the centroids for k-means clustering. To derive

the likelihood function, we first start with the probability of point xi:
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Figure 3.1. Hard clustering of the point cloud from Fig. 2.1. (a) The original point cloud.
(b) The mapper graph. (c) The resulting hard clustering with cluster centroids marked by
red dots.

P (xi) =
k∑
j=1

P (xi ∈ Xj) · P (xi|xi ∈ Xj) (3.2)

In the maximum likelihood case, the first term P (xi ∈ Xj) becomes
|Xj |
|X| [15, 26]. The

second term is the standard definition of a Gaussian distribution:

P (xi|xi ∈ Xj) =
1

(2 · π · σ2)d/2 · exp
−||xi − µvj ||2

2σ2
(3.3)

where d is the dimension of the points. We can then take the log likelihood of equation

(3.2).

l(M;X) = log(
∏
i

P (xi))

=
k∑
j=1

|Xj | · (log

( |Xj |
|X|

)
− d

2
· log(2π · σ2)

)
− 1

2 · σ2
∑
xi∈Xj

||xi − µvj ||2
 (3.4)

We have yet to compute the variance. Since cluster j is a Gaussian distribution at µvj ,

the unbiased estimator of the variance is:
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σ̂2j =
1

d · (|Xj | − 1)

∑
xi∈Xj

||xi − µvj ||2 (3.5)

The identically spherical Gaussian distributions assumption presumes that each cluster

has the same variance. Thus, for any cluster j,

σ̂2 =
1

d · (|Xj | − 1)

∑
xi∈Xj

||xi − µvj ||2 (3.6)

Now consider the sum of all distances:

∑
xi∈X
||xi − µ(i)||2 =

k∑
j=0

∑
xi∈Xj

||xi − µvj ||2

= d · (|X| − k) · σ̂2

=⇒ σ̂2 =
1

d · (|X| − k)

∑
xi∈X
||xi − µ(i)||2 (3.7)

where µ(i) is the centroid xi is assigned to. Putting everything together, we now have the

following likelihood estimate:

l̂(M;D) =
k∑
j=1

(|Xj | log |Xj |)− |X| log |X| − |X| · d
2

log(2 · π · σ̂2)− d · (|X| − k)

2
(3.8)

Recall that the AIC and BIC are defined as:

AIC(M) = 2 · l̂(M;X)− 2 · pM (3.9)

BIC(M) = l̂(M;X)− pM
2
· log |X| (3.10)

We have shown how to find l̂(M;X), but we have yet to compute pM, the number of

free parameters in the probability distribution generated by k Guassian centroids. The hard

clustering ofM contains k centroids, each of dimension d. Hence, there are k ·d parameters

representing the centroids. Since all clusters have the same variance, one variance estimate,

σ̂2, needs to be computed. Finally, during the derivation of P (xi), P (xi ∈ Xj) is an empirical

estimate of the number of points in cluster j. Note that if we are given P (xi ∈ Xj) for all j
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except j = k, we automatically know P (xi ∈ Xk) since P (xi ∈ Xk) = 1−∑k−1
j=1 P (xi ∈ Xj).

Computing each P (xi ∈ Xj) for k clusters yields an additional k−1 parameters. Therefore,

pM = (k · d) + 1 + (k − 1) = k · (d + 1). Putting this all together, we have the following

equations for the AIC and BIC:

AIC(M) =
k∑
j=1

(2 · |Xj | log |Xj |)− 2 · |X| log |X| − |X| · d log(2 · π · σ̂2)− d · (|X| − k)

− 2 · (k · (d+ 1)) (3.11)

BIC(M) =
k∑
j=1

(|Xj | log |Xj |)− |X| log |X| − |X| · d
2

log(2 · π · σ̂2)− d · (|X| − k)

2

− k · (d+ 1)

2
· log |X| (3.12)

3.1.2 Strategy 1: Grid Search

In this strategy, we aim to maximize the overall value of the information criterion by

selecting the mapper graph whose AIC or BIC value is maximal. Suppose we have a fixed

percent overlap and a set of the number of intervals to select from {l1 . . . ln}. For each li,

we construct a uniform cover with p overlap and li intervals. The mapper graph Mli is

computed along with its AIC and BIC values using the formulas from section 3.1.1. We

then select the cover with the largest AIC or BIC score.

3.1.3 Strategy 2: Single-Pass X-Means

Our second strategy is to treat the mapper graph as an initialization for X-means [26].

After running X-means until completion, we convert the resulting clustering to a mapper

graph by constructing a new cover based on the centroids returned by X-means.

First we create a hard clustering from a given mapper graph M using the process

outlined in section 3.1.1. After the hard clustering step, we have k centroids and each point

has a unique assignment. We then run X-means till convergence or reaching a maximum

number of clusters, and we receive k′ centroids where k′ ≥ k.

To reconstruct a mapper graph, we first create a suitable cover of the image of the lens

function f . We start with a naive cover:
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U = {(min f(Xi),max f(Xi))|i = 1 . . . k′} (3.13)

We note two problems with the naive cover of f(X), U , based on equation (3.13). First,

two cover elements Ui, Uj ∈ U may exist such that Ui ⊆ Uj . Second, an overlap between

cover elements is not guaranteed. These two issues lead us to algorithm 1 for computing

a new cover U ′ based on U . Given the new cover U ′ of f , we can generate a new mapper

graph M′, the final result. We evaluate the final graph using the AIC and BIC formulas

from section 3.1.1

Algorithm 1 Algorithm used in strategy 2 to generate a new cover U ′
1: procedure Generate Cover(U , min overlap) . Start with U and returns U ′.
2: U ′ ← sort(U) . Sort intervals based on the start of each interval
3: Break ties by prioritizing longer intervals
4: for i = 0 . . . |U ′| − 1 do
5: for j = i+ 1 . . . |U ′| − 1 do
6: if Uj ⊆ Ui then
7: Remove Uj from U ′.
8: for i = 0 . . . |U ′| − 2 do . Ensure a minimum overlap
9: if Ui ∩ Ui+1 < min overlap ·min(|Ui|, |Ui+1|) then

10: Extend Ui and Uj equally till minimum overlap is achieved.

11: Return U ′

3.1.4 Strategy 3: Multi-Pass X-Means

Strategy 3 is based on X-means’s Improve Structure step. In X-means’s Improve Structure

phase, each cluster is treated independently, and the associated points are treated as the

dataset. The BIC score is then computed for k = 1 and k = 2 representing the option to

keep the current clustering or splitting it into two clusters. In our strategy, we compute an

AIC or BIC value for each interval. We then split the interval and compare the AIC or BIC

values, opting to keep a split if it increases the information criterion.

First, we define what it means to “split an interval” with overlap p. Let (a, b) be an

open interval. If we want two equal length intervals (a, a+ δ) and (b− δ, b) as a result of the

splitting operation, we need to compute δ that respects the overlap. Since b−a = 2 ·δ−δ ·p,
δ = (b − a)/(2 − p), we now have two new intervals (a, a + δ) and (b − δ, b). Analogously,

merging two overlapping intervals (a, b) and (c, d) is done by replacing both with (a, d). We

illustrate this in Fig. 3.2
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Figure 3.2. An illustration of splitting an interval that belongs to the cover of f(X).

Now we can describe the entire process. Consider a mapper graph M on point cloud

X, with filter function f , m cover elements, and p percent overlap. For cover element

Uj , we consider the set of vertices Vj of M that correspond to connected components of

f−1(Uj). We compute the AIC or BIC score as outlined in section 3.1.1 on the subgraph

induced by connected components Vj of f−1(Ui). We then split Uj into two overlapping

intervals: U ′j , U
′
j+1. We compute a mapper graph M′ using the new cover that contains

m+ 1 elements. The subgraph from U ′j and U ′j+1 is used to compute another AIC or BIC

score. If the new score is larger than before splitting the cover element, we retain the split.

We provide pseudocode for one iteration of the procedure in algorithm 2.

We detail the steps of algorithm 2. First, we iterate through each interval of the cover

of f(X) and compute the AIC or BIC of the induced subgraph. Then, we split the interval

and compute a new mapper graphM′. If the AIC or BIC value of the induced subgraph of

M′ from the two new intervals is larger than the subgraph prior to splitting, we mark the

interval as a candidate for splitting. After iterating through all of the cover elements, we

split the cover element with the largest increase in the AIC or BIC value. This concludes

the one iteration detailed in algorithm 2. Algorithm 2 shows one iteration when using the

BIC. In the AIC version, the process is the same except that on lines 6 and 13, we compute

the AIC value of the subgraphs instead of the BIC.
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Algorithm 2 One iteration of multi-pass X-means (BIC Version)

1: procedure multi-pass X-means(X, f , U) . U is the initial cover
2: mark for splitting ← {}
3: M← GenerateMapper(X, f , U)
4: for i = 0 . . .m− 1 do
5: subgraph ← M.subgraph(Ui)
6: original-BIC-value ← BIC(subgraph)
7: U ′ ← U
8: U ′.split element(U ′i) . New cover by splitting element i
9: M′ ← GenerateMapper(X, f , U ′)

10:

11: // Since Ui was split, the adjacent cover element Ui+1 is the new cover element
12: subgraph← M′.subgraph(Ui, Ui+1)
13: new-BIC-value ← BIC(subgraph)
14: if original-BIC-value < new-BIC-value then
15: mark for splitting.add(Ui)

16: // Construct a new cover with the best split
17: Return U .split element(mark for splitting)

Since algorithm 2 is only one iteration, we can repeat the process until convergence.

One consistent obstacle with this approach is selecting the initial cover. Because intervals

are only split in two, the initialization plays a significant role. For our results, we use

parameters that are near the hand-tuned parameters for each dataset.

3.2 Results

In this section, we include the relevant results of our strategies and focus on the results of

multi-pass X-means. We also provide classic mapper graphs generated from the hand-tuned

parameters of prior works [30, 39]. The number of intervals passed to the classic mapper

graph and to initialize multi-pass X-means is denoted by l. The nodes in the mapper

graphs for the Circles dataset are colored by function value. For COVID-19 and CIFAR-10,

the nodes are represented by pie charts showing the composition of states and classes,

respectively.

Circles. In the circles dataset, we use a DBSCAN ε value of 0.1, minPts of 5, and 20%

overlap. In this case, the hand-tuned number of intervals for the classic mapper graph is 7.

By visual inspection, we know the classic mapper graph at l = 7 captures the ground-truth,

visualized in Fig. 3.3 with two concentric circles. At l = 6, the classic mapper graph

in Fig. 3.4(a) disconnects the inner circle. Multi-pass X-means using the AIC, Fig. 3.4(b),
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is able to recover the inner circle and converges to the ground truth.

Figure 3.3. Circles: Ground truth mapper graph (l = 7)
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Figure 3.4. Circles: Generated mapper graphs when l = 6. (a) Classic mapper graph (b)
Multi-pass AIC (c) Multi-pass BIC.
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In Fig. 3.5, we use a parameter setting of l = 2. The classic mapper graph in (a)

shows neither circle. However, both multi-pass X-means using the AIC (b) and the BIC

(c) recover one of the two circles. Neither converges directly to the ground-truth but are

significantly closer than the classic mapper graph in (a). In addition to demonstrating

that multi-pass X-means progresses towards the hand-tuned topological configuration, it

suggests that multi-pass X-means is able to discover some loop structures.
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Figure 3.5. Circles: Generated mapper graphs when l = 2. (a) Classic mapper graph (b)
Multi-pass AIC (c) Multi-pass BIC.

Finally, in Fig. 3.6, we include a plot of the AIC (a) and BIC (b) before and after

running multi-pass X-means. For most choices of l, the local maxima found by multi-pass

X-means is the same as the global AIC or BIC value of the classic mapper graph. However,

the resulting mapper graphs are significantly improved.

COVID-19. The next dataset is the COVID-19 dataset. We use a DBSCAN ε of 0.15,

minPts of 5, and an overlap of 50%. In Fig. 3.7, we show the hand-tuned configuration

of l = 20 discovered by Zhou et al. [39]. In the hand-tuned classic mapper graph, we can

see clear branching structures for each state. In particular, Texas (light green) vs Florida

(dark green) as well as Georgia (red) vs Arizona (blue) form two interesting branches due
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Figure 3.6. Circles: (a) AIC before and after multi-pass. (b) BIC before and after
multi-pass.
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Florida

Figure 3.7. COVID: Hand-tuned mapper graph (l = 20)

to their epidemic trend; the branching points for both are pointed out by arrows.

For l = 10 and above, the classic mapper graph already shows clear branching structures.

In order to properly test multi-pass X-means, we first start with l = 2 in Fig. 3.8. In the
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classic mapper graph (a), the connected component with 4 vertices is entirely mixed; there is

no clear separation between the states. Both multi-pass X-means with the AIC (b) and BIC

(c) generate mapper graphs that are significantly closer to the hand-tuned graph in Fig. 3.7.

(b) and (c) show the Arizona vs Georgia bifurcation starting from a node that contains only

Arizona and Georgia data points. The results of multi-pass X-means recover the Florida

vs Texas branch but fail to include a root node containing only Florida and Texas points.

The branching points are indicated by black arrows. Examining the distribution of intervals

shown next to the graphs of (b) and (c), we can see that multi-pass X-means focuses on

subdividing intervals with higher filter function values (i.e., after COVID-19 starts to spread

in a state). This supports multi-pass X-means converging towards the hand-tuned mapper

graph (treated as the “ground truth”) since the branching of states occurs during higher

filter function values. The results of multi-pass X-means reflects the fact that most states

start with the same initial epidemic trends, but quickly branch based on the state’s response

and unique attributes (e.g., population density).

If we start with a more generous initialization of l = 5, shown in Fig. 3.9, the classic

mapper graph (a) shows some branching structure. However, most states are still mixed.

While better than l = 2, the classic mapper graph (a) is still far from the hand-tuned

mapper graph in Fig. 3.7. Multi-pass X-means using the AIC (b) and the BIC (c) converge

to mapper graphs that look similar to the hand-tuned graph. In particular, multi-pass

X-means is able to recover the bifurcation of Arizona vs Georgia as well as Florida vs Texas

(see Fig. 3.9 black arrows). Both structures branch from the main connected component

and bifurcate from a node that contains only Arizona and Georgia or Florida and Texas

data points. As with l = 2, multi-pass X-means focuses on subdividing intervals with higher

filter function.

Finally, Fig. 3.10 shows the AIC (a) and BIC (b) values after performing multi-pass

X-means. Quantitatively, both methods decrease the AIC and BIC values for choices of l

less than 40. However, as discussed above, qualitatively, the local maxima that multi-pass

X-means finds are significantly closer to the hand-tuned graph.

CIFAR-10. Our last set of results comes from neural network activations on CIFAR-10.

The DBSCAN ε parameter is set to 8.71, minPts as 5, and an overlap of 20%. Fig. 3.11

contains the hand-tuned parameter of l = 40 from Zhou et al. and Rathore et al. [30, 39].
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Figure 3.8. COVID: Generated mapper graphs when l = 2. (a) Classic mapper graph (b)
Multi-pass AIC (c) Multi-pass BIC. The multi-pass figures also include the distribution of
cover elements.
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Figure 3.9. COVID: Generated mapper graphs when l = 5. (a) Classic mapper graph
(b) Multi-pass AIC with the distribution of cover elements (c) Multi-pass BIC with the
distribution of cover elements. For the distribution of cover elements, black represents
unmodified cover elements and green represents new cover elements after splitting.
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Figure 3.10. COVID: (a) AIC before and after multi-pass. (b) BIC before and after
multi-pass.

The key branches we expect to see with multi-pass X-means are the Truck (light blue) vs

Automobile (orange) branch and the Deer (purple) vs Horse (gray) branch. The branches

split from the main connected component into a node that contains only the two classes.

They then further bifurcate into branches that only contain one class. In Fig. 3.11, the

branching points are indicated with black arrows.

We show the results of l = 2 in Fig. 3.12. The classic mapper graph (a) shows no

clear branching structure. Multi-pass X-means using the AIC (b) and BIC (c) are able

to uncover the main branching structure from the ground truth. Compared to (a), both

(b) and (c) are closer to the hand-tuned mapper graph. Multi-pass X-means is also able

to recover the bifurcation between Horse and Deer starting at a Horse and Deer mixed

node, similar to the hand-tuned mapper graph. However, neither method is able to recreate

the branch of Automobile and Truck, grouping both into one branch. It may be the case

that l = 2 is too far from the hand-tuned parameter for multi-pass X-means to completely

recover the hand-tuned graph. Examining the covers before and after multi-pass X-means,

it is clear that both methods focus on activations with low to mid-range L2-norms. This is

indicative of multi-pass X-means focusing on the correct cover elements; activations with

high L2-norm are naturally separated in the high-dimensional space.

Using l = 5, Fig. 3.13, the classic mapper graph (a) begins to show small branching

structures; Airplane (dark blue) and Bird (dark green) are both in their own branches.

Similar to the l = 2 case, multi-pass X-means (b,c) separates most classes and forms a

Horse vs Deer branch that is similar to the hand-tuned mapper graph. Both multi-pass
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Figure 3.11. CIFAR: Hand-tuned mapper graph (l = 40)
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Figure 3.12. CIFAR: Generated mapper graphs when l = 2. (a) Classic mapper graph
(b) Multi-pass AIC with the distribution of cover elements (c) Multi-pass BIC with the
distribution of cover elements.
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Figure 3.13. CIFAR: Generated mapper graphs when l = 5. (a) Classic mapper graph
(b) Multi-pass AIC with the distribution of cover elements (c) Multi-pass BIC with the
distribution of cover elements.
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Figure 3.14. CIFAR: Generated mapper graphs when l = 10. (a) Classic mapper graph
(b) Multi-pass AIC with the distribution of cover elements (c) Multi-pass BIC with the
distribution of cover elements.
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X-means graphs start the Automobile vs Truck branch but do not expand it further. We

also include the results of using l = 10 in Fig. 3.14 to see how multi-pass X-means performs

with a finer cover. Both versions of multi-pass X-means, Fig. 3.14(b,c), preserve the start

of the Automobile vs Truck branch as well as consistently generating the Horse vs Deer

bifurcation.

Fig. 3.15 and Fig. 3.16 include the classic mapper graph and the resulting mapper graph

of multi-pass X-means for l = 15 and l = 20, respectively. When l = 15, the Automobile vs

Truck branch start to form. Increasing the resolution of the initial uniform cover to l = 20

in Fig. 3.16, multi-pass X-means using the AIC (b) expands the branch found in the classic

mapper graph (a); multi-pass X-means using the BIC (c) is similar. At this initialization,

there is a clear branching node for both the Truck vs Automobile branch and the Deer vs

Horse branch.

For the final set of mapper graphs, we examine behavior of multi-pass X-means when

given the hand-tuned parameter of l = 40, shown in Fig. 3.17. Both multi-pass variants

preserve the primary branching structures but are able to further refine the cover to create

loops in the graph. The largest loops are pointed out with blue arrows. Similar to the Circles

dataset, multi-pass X-means using the AIC (b) or BIC (c) is able to discover loops that are

not detected in the classic mapper graph. As noted by Rathore et al. [30], the meaning of

loops in the space of neural network activations is slightly harder to interpret. Nevertheless,

our strategy demonstrates that there are non-trivial loops in the high-dimensional activa-

tion space. If we examine the differences between the uniform cover and adaptive cover

in Fig. 3.17(b, c), it is clear that multi-pass X-means refines the cover in the middle of the

filter function. This aligns with Rathore et al. where they point out that the majority of

activations have an L2-norm in the middle of the filter function [30]. Multi-pass X-means is

able to recognize this and refines the cover to provide a more detailed mapper graph.

In addition to the four values of l we’ve shown, we also tested our method across a range

of parameters from 3 to 200 and plotted the respective AIC and BIC values in Fig. 3.18. For

most parameter settings, mutlipass X-means improves the AIC (a) or BIC (b) value. This

is especially true for smaller values of l. The plots in Fig. 3.18 align with our qualitative

findings since multi-pass X-means changes the structure of the classic mapper graph the

most for small l.



29

<latexit sha1_base64="dTupxKdri2DVdmQ/PR0w9lgSGG4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxVWM6w==</latexit>a

<latexit sha1_base64="QzTPM+CNR+y8C8KBsh89VMddrQM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBxtmM7A==</latexit>

b

<latexit sha1_base64="y0AG5APw9wGNcAd7gW4VG6KTT5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AyF2M7Q==</latexit>c

Figure 3.15. CIFAR: Generated mapper graphs when l = 15. (a) Classic mapper graph
(b) Multi-pass AIC (c) Multi-pass BIC.
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Figure 3.16. CIFAR: Generated mapper graphs when l = 20. (a) Classic mapper graph
(b) Multi-pass AIC (c) Multi-pass BIC.
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Figure 3.17. CIFAR: Generated mapper graphs when l = 40. (a) Classic mapper graph
(b) Multi-pass AIC (c) Multi-pass BIC.
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b

Figure 3.18. CIFAR: (a) AIC before and after multi-pass. (b) BIC before and after
multi-pass.

3.3 Discussion

3.3.1 Overall Evaluation

While omitted in the main results section, we find that single-pass X-means converges

to a set of isolated connected components with no significant branching or loops. Multi-pass

X-means, as demonstrated on three datasets, converges to the hand-tuned mapper graph in

a number of cases. On the real-world datasets, we tested aggressively small parameters to see

how multi-passX-means performs. We found that, even parameters far from the hand-tuned

value, the resulting multi-pass X-means mapper graphs converge to the hand-tuned graphs.

We also observe that multi-pass X-means is able to uncover some loop structures. This is

first noticeable on the circles dataset and is further illustrated by CIFAR-10 by running

multi-pass X-means on the hand-tuned mapper graph. For both Circles and CIFAR-10,

the AIC and BIC local maxima found by multi-pass X-means is higher than the classic

mapper graph’s AIC or BIC value. On the COVID-19 dataset, the AIC and BIC local

maxima is smaller than classic mapper graph’s AIC or BIC. However, qualitatively, multi-

pass X-means, provides a mapper graph that is a refinement of the classic mapper graph

generated from the initial parameters.

3.3.2 Parameter Selection Recommendations

If a user is met with an unknown dataset and would like to employ the mapper frame-

work, how should they proceed? With no knowledge of the ideal parameters, we recommend

users to try multi-pass X-means across various overlap parameters with small values for the
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number of intervals. By doing this, the user will gain some intuition and knowledge on what

the hand-tuned “ideal” mapper graph might be. With this knowledge, the user may opt to

hand tune parameters, using the number of intervals in the multi-pass X-means adaptive

cover as a starting point for a new uniform cover. If the user has a vague idea of the

hand-tuned parameters, we recommend running multi-pass X-means on those parameters

to study how the hand-tuned graph may be improved. With these guidelines, it is easier

for a practitioner to refine a hand-tuned classic mapper graph.

3.3.3 Future Work

Some researchers have applied topological concepts to information theory [19]. Numer-

ous concepts of entropy for graphs and simplicial complexes have also been proposed [7, 8].

Because of the strong connection between entropy and the KL divergence, it may be

possible to derive a topologically informed score for mapper graphs. Our strategy tries

to minimize the KL divergence between the underlying true probability distribution and a

set of identically spherical Gaussians; there may be a way codify topological structures into

probability functions.

In the future, we would also like to explore the possibility of merging cover elements.

Suppose that there is an extremely refined cover. We would like to work backwards by

merging rather than splitting cover elements. In terms of the existing theory, the mapper

construction has been proven to recover the underlying Reeb graph. In some sense, this

avenue of work would entail computing as close of an approximation to the Reeb graph as

possible with refinement as necessary via an adaptive cover.



CHAPTER 4

ENHANCED MAPPER

The second contribution of this thesis is an open source Python library that computes

the enhanced mapper graph. We first outline an algorithmic description of the enhanced

mapper graph and then introduce our library’s features. We end with some examples of how

the enhanced mapper graph might be used to derive new insights about both the COVID-19

and CIFAR-10 datsets.

4.1 Enhanced Mapper Graph Description

We give an algorithmic description of the enhanced mapper graph and discuss the

differences to the classic mapper graph. For a mathematical description of the enhanced

mapper graph, we refer the reader to [3].

Let X be a point cloud with filter function f . Suppose that U is a cover of the image

of f , constructed the same way as the classic mapper graph. Now construct a set of

closed sets O by considering cover elements in U with a nonempty intersection. That is,

O = {Ui ∩ Uj |Ui ∩ Uj 6⊆ ∅, Ui, Uj ∈ U}. Because U is a list of adjacent intervals on R, O is

the region of overlap between two consecutive intervals. Note that |O| = |U|−1. In Fig. 4.1,

we show how to construct O (b) for the point cloud and cover in (a) coming from Fig. 2.1.

Similar to the classic mapper graph, we compute the connected components of f−1(Ui)

for Ui ∈ U . We also consider the connected components of f−1(Oj) for Oj ∈ O. For

convenience, define π to be a function that returns the connected components.

We can now construct the enhanced mapper graph M. The enhanced mapper graph

is defined by three objects: the vertex set V , the edge set E, and a function g : V → R.

Consider one interval Ui in U and one connected component of f−1(Ui), cj . Let O− and

O+ be the intersections with Ui−1 and Ui+1 respectively. We define two vertices in the

mapper graph, v+j and v−j , with an edge between them. g(v+j ) is defined by comparing the

maximum value of f(cj) with connected components of O+. Formally:
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<latexit sha1_base64="pkmxEtBOuz320soNen8lFpBmCdI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHizov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1Xvourdn1dq13kcRTiCYzgFDy6hBrdQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwB0UeNeA==</latexit>

O4

<latexit sha1_base64="CGps6Q7ISM1o4lkrIWVy574/J9o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHgzonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W49cGxGrBxwn3I/oQIlQMIpWur/tnfXKFbfqzkD+Ei8nFchR75U/u/2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCjqzSJ2GsbSkkM/XnREYjY8ZRYDsjikOz6E3F/7xOiuGlnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+/Jc0T6reedW7O63UrvI4inAAh3AMHlxADW6gDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/EN0suNeQ==</latexit>

O5
<latexit sha1_base64="ASuyzxY/s7mkcgqoTWLDtoEm28Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFmRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hrmtx+5NiJWDzhJuB/RoRKhYBStdH/br/XLFbfqzkH+Ei8nFcjR6Jc/e4OYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKTqwyIGGsbSkkc/XnREYjYyZRYDsjiiOz7M3E/7xuiuGlnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2//Je0zqpererdnVfqV3kcRTiCYzgFDy6gDjfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgG1E+Neg==</latexit>

O6

<latexit sha1_base64="xrXGc50iGHNgsQKAiKn1lnkT8gw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFmRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hrmtx+5NiJWDzhJuB/RoRKhYBStdH/br/XLFbfqzkH+Ei8nFcjR6Jc/e4OYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKTqwyIGGsbSkkc/XnREYjYyZRYDsjiiOz7M3E/7xuiuGlnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2//Je0zqreRdW7O6/Ur/I4inAEx3AKHtSgDjfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgG1dONew==</latexit>

O7

<latexit sha1_base64="V9QOVeNVPYVwJ/CM/CauCo+rybQ=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2UjouKp4MWbFewHbNeSTbNtaDa7JFmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpAIro3rfjtLyyura+uFjeLm1vbObmlvv6njVFHWoLGIVTsgmgkuWcNwI1g7UYxEgWCtYHgz8VtPTGkeywczSpgfkb7kIafEWMkLH7NTPK7cdfFJt1R2q+4UaJHgnJQhR71b+ur0YppGTBoqiNYedhPjZ0QZTgUbFzupZgmhQ9JnnqWSREz72fTkMTq2Sg+FsbIlDZqqvycyEmk9igLbGREz0PPeRPzP81ITXvkZl0lqmKSzRWEqkInR5H/U44pRI0aWEKq4vRXRAVGEGptS0YaA519eJM2zKr6o4vvzcu06j6MAh3AEFcBwCTW4hTo0gEIMz/AKb45xXpx352PWuuTkMwfwB87nD7AdkDA=</latexit>

f�1(O1)
<latexit sha1_base64="ZvpI37XNblhJajcyXCbT4IvevOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7RVQ8Fbx4s4L9gG0t2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY9qN8ECwkBFsrOSHj+mZNynf9aqnvWLJrbgzoGXiZaQEGeq94lenL0kSUWEIx1r7nhubboqVYYTTSaGTaBpjMsID6lsqcER1N52dPEEnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/PD8x4VU3ZSJODBVkvihMODISTf9HfaYoMXxsCSaK2VsRGWKFibEpFWwI3uLLy6RZrXgXFe/+vFS7zuLIwxEcQxk8uIQa3EIdGkBAwjO8wptjnBfn3fmYt+acbOYQ/sD5/AGxopAx</latexit>

f�1(O2)
<latexit sha1_base64="0oGd663z2NEXddprl5NaIBQET64=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7KiqeCl68WcF+wLaWbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGN5M/OYTVZpJ8WBGMe1EuC9YyAg2VvLDx/TEG5fvumfH3WLJrbhToEXiZaQEGWrd4le7J0kSUWEIx1r7nhubToqVYYTTcaGdaBpjMsR96lsqcER1J52ePEZHVumhUCpbwqCp+nsixZHWoyiwnRE2Az3vTcT/PD8x4VUnZSJODBVktihMODISTf5HPaYoMXxkCSaK2VsRGWCFibEpFWwI3vzLi6RxWvEuKt79eal6ncWRhwM4hDJ4cAlVuIUa1IGAhGd4hTfHOC/Ou/Mxa8052cw+/IHz+QOzJ5Ay</latexit>

f�1(O3)
<latexit sha1_base64="Gvib0stguTOcTpuEm2r6rkkTNm4=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7UlQ8Fbx4s4L9gG0t2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY9qN8ECwkBFsrOSHj+mZNynf9aqnvWLJrbgzoGXiZaQEGeq94lenL0kSUWEIx1r7nhubboqVYYTTSaGTaBpjMsID6lsqcER1N52dPEEnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/PD8x4VU3ZSJODBVkvihMODISTf9HfaYoMXxsCSaK2VsRGWKFibEpFWwI3uLLy6R5XvEuKt59tVS7zuLIwxEcQxk8uIQa3EIdGkBAwjO8wptjnBfn3fmYt+acbOYQ/sD5/AG0rJAz</latexit>

f�1(O4)
<latexit sha1_base64="nNQwOxBACWHJwpt2HEHlC5npufg=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMQD4Zd8YWngBdvRjAP2MQwO5lNhszOLDOzQljyGV48KOLVr/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGN5M/OYTVZpJ8WBGMe1EuC9YyAg2VvLDx/TEG5fvuufH3WLJrbhToEXiZaQEGWrd4le7J0kSUWEIx1r7nhubToqVYYTTcaGdaBpjMsR96lsqcER1J52ePEZHVumhUCpbwqCp+nsixZHWoyiwnRE2Az3vTcT/PD8x4VUnZSJODBVktihMODISTf5HPaYoMXxkCSaK2VsRGWCFibEpFWwI3vzLi6RxWvEuKt79Wal6ncWRhwM4hDJ4cAlVuIUa1IGAhGd4hTfHOC/Ou/Mxa8052cw+/IHz+QO2MZA0</latexit>

f�1(O5)
<latexit sha1_base64="Qg5i5JkM20gNdDxXt0ls3/G2feM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7IlU8Fbx4s4L9gG0t2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY9qN8ECwkBFsrOSHj+mZNynf9aqnvWLJrbgzoGXiZaQEGeq94lenL0kSUWEIx1r7nhubboqVYYTTSaGTaBpjMsID6lsqcER1N52dPEEnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/PD8x4VU3ZSJODBVkvihMODISTf9HfaYoMXxsCSaK2VsRGWKFibEpFWwI3uLLy6R5XvGqFe/+olS7zuLIwxEcQxk8uIQa3EIdGkBAwjO8wptjnBfn3fmYt+acbOYQ/sD5/AG3tpA1</latexit>

f�1(O6)
<latexit sha1_base64="mScIQSK+6YK6jvf4oZU+MD4/zlg=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7IlY8Fbx4s4L9gG0t2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY9qN8ECwkBFsrOSHj+mZNynf9aqnvWLJrbgzoGXiZaQEGeq94lenL0kSUWEIx1r7nhubboqVYYTTSaGTaBpjMsID6lsqcER1N52dPEEnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/PD8x4VU3ZSJODBVkvihMODISTf9HfaYoMXxsCSaK2VsRGWKFibEpFWwI3uLLy6R5XvEuK979Ral2ncWRhyM4hjJ4UIUa3EIdGkBAwjO8wptjnBfn3fmYt+acbOYQ/sD5/AG5O5A2</latexit>

f�1(O7)

<latexit sha1_base64="yZ0O+l3uZlFgs5ytS4jqYCq94Ks=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrouKp4MVjBbctbJeSTbNtaDZZkqxQlv4MLx4U8eqv8ea/MdvuQVsHAsPMe2TeRCln2rjut1NZW9/Y3Kpu13Z29/YP6odHHS0zRahPJJeqF2FNORPUN8xw2ksVxUnEaTea3BV+94kqzaR4NNOUhgkeCRYzgo2Vgn6CzZhgnvuzQb3hNt050CrxStKAEu1B/as/lCRLqDCEY60Dz01NmGNlGOF0VutnmqaYTPCIBpYKnFAd5vPIM3RmlSGKpbJPGDRXf2/kONF6mkR2soiol71C/M8LMhPfhDkTaWaoIIuP4owjI1FxPxoyRYnhU0swUcxmRWSMFSbGtlSzJXjLJ6+SzkXTu2p6D5eN1m1ZRxVO4BTOwYNraME9tMEHAhKe4RXeHOO8OO/Ox2K04pQ7x/AHzucPjkKRaQ==</latexit>U <latexit sha1_base64="MlUsYx7lSk/HIjeUvJmgibjC8fI=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqHgqePFmBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXduz+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIUkkWM=</latexit>O

Figure 4.1. An example construction of O and f−1(O). (a) The point cloud from Fig. 2.1
with connected components of f−1(U) in the boxes. (b) The filter function f with U and
overlaps O. (c) The connected components of f−1(O).

g(v+j ) =


min

ok∈π(O+)
ok∩cj 6⊆∅

(min f(ok)) if there exists ok ∈ π(O+) such that cj ∩ ok 6⊆ ∅

max f(cj) otherwise

(4.1)

Similarly, we can define the value of g(v−i ) by examining O−:

g(v−j ) =


max

ok∈π(O−)
ok∩cj 6⊆∅

(max f(ok)) if there exists ok ∈ π(O−) such that cj ∩ ok 6⊆ ∅

min f(cj) otherwise

(4.2)

At this stage,M consists only of vertices with one edge between them. Before proceeding

further, we provide an example of where in the pipeline we are. In Fig. 4.2, (c) contains

the connected components of f−1(U). For each connected component, we split it into a

positive and negative node in (d). Notice that there are no edges between nodes coming

from different connected components of f−1(U). We now explain how to compute the pink

edges in (e), the final enhanced mapper graph.

Consider two connected components ci and cj coming from two overlapping cover ele-

ments in U . Suppose that the intersection between ci and cj is nonempty. Let v+i , v−i be

vertices from ci and v+j and v−j be vertices from cj . If g(v+i ) < g(v−j ), we add an edge between
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<latexit sha1_base64="ctajA+Ew79AFF9gq5hDForI4aIg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBzOmM8A==</latexit>

f
<latexit sha1_base64="xcSFM3iJeIW6vE6QZ+Gva6HlHRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eKxhbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd+z2vV625dXcGsky8gtSgQLNX/er2E5bFKA0TVOuO56YmyKkynAmcVLqZxpSyER1gx1JJY9RBPjt1Qk6s0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/zOpmJroKcyzQzKNl8UZQJYhIy/Zv0uUJmxNgSyhS3txI2pIoyY9Op2BC8xZeXyeNZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTTBBwYDeIZXeHOE8+K8Ox/z1pJTzBzCHzifP9hHjYM=</latexit>

U1

<latexit sha1_base64="8F0LDs8mrHH8C43rd92gWTRpsoo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hu1XrniVt05yCrxclKBHI1e+avbT1gWozRMUK07npuaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xicz0XUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEb/nlVdKsVb3Lqnd/Uanf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPZy42E</latexit>

U2

<latexit sha1_base64="8NvLLcKmWhpWGZkJ9BenqImMD4I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eKpi20oWy223bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omDjVjPsslrFuhdRwKRT3UaDkrURzGoWSN8PR7dRvPnFtRKwecZzwIKIDJfqCUbTSg98975YrbtWdgSwTLycVyFHvlr86vZilEVfIJDWm7bkJBhnVKJjkk1InNTyhbEQHvG2pohE3QTY7dUJOrNIj/VjbUkhm6u+JjEbGjKPQdkYUh2bRm4r/ee0U+9dBJlSSIldsvqifSoIxmf5NekJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI4q3qXVe/+olK7yeMowhEcwyl4cAU1uIM6+MBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wfbT42F</latexit>

U3
<latexit sha1_base64="X7BvSpS7JPdBoQG2I4v51LYbSFo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hu1XrniVt05yCrxclKBHI1e+avbT1gWozRMUK07npuaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xicz0XUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEb/nlVdK8qHqXVe++Vqnf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPc042G</latexit>

U4

<latexit sha1_base64="asHlBouyZR2AkxnY0GrIkx2hJIo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8eKpi20oWy223bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omDjVjPsslrFuhdRwKRT3UaDkrURzGoWSN8PR7dRvPnFtRKwecZzwIKIDJfqCUbTSg9+96JYrbtWdgSwTLycVyFHvlr86vZilEVfIJDWm7bkJBhnVKJjkk1InNTyhbEQHvG2pohE3QTY7dUJOrNIj/VjbUkhm6u+JjEbGjKPQdkYUh2bRm4r/ee0U+9dBJlSSIldsvqifSoIxmf5NekJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI4q3qXVe/+vFK7yeMowhEcwyl4cAU1uIM6+MBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wfeV42H</latexit>

U5
<latexit sha1_base64="12Hj8KrgmZ2lavLwKzYnKuK9jL8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hu1XrniVt05yCrxclKBHI1e+avbT1gWozRMUK07npuaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xicz0XUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEb/nlVdK8qHq1qnd/Wanf5HEU4QRO4Rw8uII63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPf242I</latexit>

U6

<latexit sha1_base64="vcyz2z+bdlC1OLzv8wWYViXk5GA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErMeiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hu1XrniVt05yCrxclKBHI1e+avbT1gWozRMUK07npuaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/Xicz0XUw4TLNDEq2WBRlgpiEzP4mfa6QGTG2hDLF7a2EDamizNh0SjYEb/nlVdK8qHpXVe/+slK/yeMowgmcwjl4UIM63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPhX42J</latexit>

U7

<latexit sha1_base64="Xjf/LYUiO22WaTfmxwPwYJPkLS4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeiF48VTVtoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SjGacYxHQgecQZNVZ68Hu1XrniVt05yCrxclKBHI1e+avbT1gWozRMUK07npuaYEKV4UzgtNTNNKaUjegAO5ZKGqMOJvNTp+TMKn0SJcqWNGSu/p6Y0FjrcRzazpiaoV72ZuJ/XiczUS2YcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/zyKmleVL2rqnd/Wanf5HEU4QRO4Rw8uIY63EEDfGAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPi442K</latexit>

U8

<latexit sha1_base64="dTupxKdri2DVdmQ/PR0w9lgSGG4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxVWM6w==</latexit>a
<latexit sha1_base64="QzTPM+CNR+y8C8KBsh89VMddrQM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBxtmM7A==</latexit>

b
<latexit sha1_base64="y0AG5APw9wGNcAd7gW4VG6KTT5Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUYP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AyF2M7Q==</latexit>c

<latexit sha1_base64="rJ81p/6XNB10e9pyEXQCUqor06o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHizov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWjzhOuB/RgRKhYBSt9HDX83rlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qHr355XadR5HEY7gGE7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AzLuNdQ==</latexit>

O1

<latexit sha1_base64="jjxtzP1HT1XK//JH8RoPu6h1WxI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkRFU8FL96saD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rF8NOME/YgOJA85o8ZKD3e9aq9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5NmteJdVLz783LtOo+jAMdwAmfgwSXU4Bbq0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8Azj+Ndg==</latexit>

O2
<latexit sha1_base64="VRd8AC7fHDThGfinIbzhqe2ajgA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUVDwVvHizov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W49cGxGrBxwn3I/oQIlQMIpWur/tnfbKFbfqzkD+Ei8nFchR75U/u/2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCjqzSJ2GsbSkkM/XnREYjY8ZRYDsjikOz6E3F/7xOiuGlnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+/Jc0T6reedW7O6vUrvI4inAAh3AMHlxADW6gDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/ENz8ONdw==</latexit>

O3

<latexit sha1_base64="pkmxEtBOuz320soNen8lFpBmCdI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHizov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu56571yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+vEyaZ1Xvourdn1dq13kcRTiCYzgFDy6hBrdQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwB0UeNeA==</latexit>

O4

<latexit sha1_base64="CGps6Q7ISM1o4lkrIWVy574/J9o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHgzonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W49cGxGrBxwn3I/oQIlQMIpWur/tnfXKFbfqzkD+Ei8nFchR75U/u/2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCjqzSJ2GsbSkkM/XnREYjY8ZRYDsjikOz6E3F/7xOiuGlnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+/Jc0T6reedW7O63UrvI4inAAh3AMHlxADW6gDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/EN0suNeQ==</latexit>

O5
<latexit sha1_base64="ASuyzxY/s7mkcgqoTWLDtoEm28Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFmRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hrmtx+5NiJWDzhJuB/RoRKhYBStdH/br/XLFbfqzkH+Ei8nFcjR6Jc/e4OYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKTqwyIGGsbSkkc/XnREYjYyZRYDsjiiOz7M3E/7xuiuGlnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2//Je0zqpererdnVfqV3kcRTiCYzgFDy6gDjfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgG1E+Neg==</latexit>

O6

<latexit sha1_base64="xrXGc50iGHNgsQKAiKn1lnkT8gw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lErHgqePFmRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hrmtx+5NiJWDzhJuB/RoRKhYBStdH/br/XLFbfqzkH+Ei8nFcjR6Jc/e4OYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKTqwyIGGsbSkkc/XnREYjYyZRYDsjiiOz7M3E/7xuiuGlnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2//Je0zqreRdW7O6/Ur/I4inAEx3AKHtSgDjfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgG1dONew==</latexit>

O7

<latexit sha1_base64="yZ0O+l3uZlFgs5ytS4jqYCq94Ks=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrouKp4MVjBbctbJeSTbNtaDZZkqxQlv4MLx4U8eqv8ea/MdvuQVsHAsPMe2TeRCln2rjut1NZW9/Y3Kpu13Z29/YP6odHHS0zRahPJJeqF2FNORPUN8xw2ksVxUnEaTea3BV+94kqzaR4NNOUhgkeCRYzgo2Vgn6CzZhgnvuzQb3hNt050CrxStKAEu1B/as/lCRLqDCEY60Dz01NmGNlGOF0VutnmqaYTPCIBpYKnFAd5vPIM3RmlSGKpbJPGDRXf2/kONF6mkR2soiol71C/M8LMhPfhDkTaWaoIIuP4owjI1FxPxoyRYnhU0swUcxmRWSMFSbGtlSzJXjLJ6+SzkXTu2p6D5eN1m1ZRxVO4BTOwYNraME9tMEHAhKe4RXeHOO8OO/Ox2K04pQ7x/AHzucPjkKRaQ==</latexit>U <latexit sha1_base64="MlUsYx7lSk/HIjeUvJmgibjC8fI=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqHgqePFmBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXduz+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIUkkWM=</latexit>O

<latexit sha1_base64="eA6cC+Yke2w6+xndKmHxhmczT1M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWw2k3btZhN2N0Ip/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3n1BpnsgHM07Rj+lA8ogzaqzUCPvlilt15yCrxMtJBXLU++WvXpiwLEZpmKBadz03Nf6EKsOZwGmpl2lMKRvRAXYtlTRG7U/mh07JmVVCEiXKljRkrv6emNBY63Ec2M6YmqFe9mbif143M9GNP+EyzQxKtlgUZYKYhMy+JiFXyIwYW0KZ4vZWwoZUUWZsNiUbgrf88ippXVS9q6rXuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDyeGM7g==</latexit>

d
<latexit sha1_base64="E8vRTPNVvaNnwpWuMEUcNZCVWbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUwH654lbdOcgq8XJSgRz1fvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n80Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmRD8JZfXiWti6p3VfUal5XabR5HEU7gFM7Bg2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8Ay2WM7w==</latexit>e

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+
<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+
<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+
<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>� <latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>� <latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>� <latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+
<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+

<latexit sha1_base64="CStZuvJtI2cMLAAkBu26nxf9reA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu656jatKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbhOMow==</latexit>

+
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<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>� <latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>� <latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�
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<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>� <latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�

<latexit sha1_base64="VoiwZDTTxfmiXX2JEInUw26w9Eg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWl5uZxFOEETuEcPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHcRuMpQ==</latexit>�
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Figure 4.2. The enhanced mapper graph construction of the point cloud in Fig. 4.1. We
include lines across to denote the filter function value. (a) The classic mapper graph. (b)
The filter function with cover elements U and overlaps O. (c) The connected components
of f−1(U). (d) The generation of individual vertices in the enhanced mapper graph with
“+” and “-” denoting the positive and negative vertices. (e) The final enhanced mapper
graph. The added edges, in comparison to (d), are in pink.

v+i and v−j . Otherwise, we add an edge between v−i and v+j . We have now constructed the

enhanced mapper graph. Returning to Fig. 4.2, (e) contains the final enhanced mapper

graph. Each of the pink edges are added by this process.

4.1.1 Comparison to the Classic Mapper Graph

The enhanced mapper graph provides more geometric information about the point cloud.

In particular, the function g gives a more refined understanding of the topological structure.

For each interesting feature in the enhanced mapper graph, there is an associated filter

function value where the feature occurs. Moreover, each of the edges in the enhanced

mapper graph has an associated length. We demonstrate how to use this information in

section 4.3.
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4.2 Implementation and Features

Our library is written in Python and supports Numba, a high-performance “just-in-time”

Python compiler [17]. In addition to implementing the enhanced mapper graph, our library

has three features that make it appealing to practitioners wanting to leverage the mapper

framework: programmatic GPU acceleration, easy exportation, and quality of life features.

Programmatic GPU acceleration. Zhou et al. [39] showed that using a GPU provides a

speed-up between 6x to 12x for 1 million data points of 256 dimensions. They also provide

a command line interface (Bash) for accessing the GPU computation. However, we take it a

step further and provide a programmatic way to access the GPU computation. By making

the GPU acceleration available as a library, users with existing Python code can use our

library to speed up their existing pipelines. For our GPU computations, we use PyTorch

and include the ability to parallelize across multiple GPUs. As noted by Zhou et al. [39],

the slowest component of the mapper pipeline is the DBSCAN subroutine, specifically the

pairwise distance computation. We can instead run this on a GPU.

Easy exportation. Our library includes the ability to take computed mapper graphs and

export them to other libraries and tools. We provide converters to NetworkX [11], a graph

and network analysis library, PyVis [27], a Python based network visualization library, and

Mapper Interactive [39], a state-of-the-art visualization tool for mapper graphs. This feature

allows users to quickly prototype and try new ideas without worrying about implementing

a new visualization.

Quality of life features. We have a variety of features to streamline the development

experience of users. We provide built-in methods for computing the distribution of the k-th

nearest neighbor to aid users when selecting ε when using DBSCAN. Moreover, our mapper

graph object is treated as a Python dictionary with additional methods for indexing and

analysis. Our analysis tools include computing connected components, shortest paths, and

the Fowlkes Mallows Index with another clustering of the data. Because our mapper graph

is also a Python dictionary, it can access all of Python’s existing libraries that operate on

dictionaries.
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4.3 Results

To illustrate the power of the enhanced mapper graph, we show a few examples using

the COVID-19 and CIFAR-10 real-world datasets. For the COVID-19 examples, we set

DBSCAN’s ε to 0.15 and minPts to 5. For CIFAR-10, ε is 8.71 and minPts is 5.

COVID-19. In Fig. 4.3, we have the classic mapper graph (a) and the enhanced mapper

graph (b) when the number of cover elements is 5 with 50% overlap. This is one of the

first parameter choices to show the Texas (light green) and Florida (dark green) branching

structure. In (a), the branching node is indicated by a black arrow. If we examine the

corresponding positive and negative vertices of the branching node in the enhanced mapper

graph, again denoted by a black arrow in Fig. 4.3(b), we can find a corresponding function

value for when the branch forms. The negative branching node has a function value of 106

days and the positive branching node has a function value of 132.5 days. This result implies

that Texas and Florida branch from the other states at around July 27, 2020. On August

22, 2021, Texas and Florida bifurcate from each other.

We can perform similar analysis on the branch containing Arizona (blue) and Georgia

(red). In Fig. 4.4, (a) contains the classic mapper graph computed with 20 intervals and

50% overlap, and the enhanced mapper graph is shown in (b). The classic mapper graph has

two nodes before Arizona and Georgia completely bifurcate. The function value of the node

closest to the mixed node is 90 and the function value of the node right before the bifurcation

is 106. Analogously, Arizona and Georgia break away from other states around July 11,

2020 and closely resemble each other’s epidemic trends. Arizona and Georgia continue on

the same trend until July 26, 2020 when the two states follow different epidemic trajectories.

Fig. 4.5 contains the classic mapper graph (a) and the enhanced mapper graph (b) for

22 intervals and 50% overlap. 22 intervals is the largest number of cover elements where

the classic mapper graph connects New Jersey to the rest of the states. This suggests that

New Jersey quickly diverged from the epidemic trends of other states. Using the enhanced

mapper graph, we can gain a better understanding of when New Jersey branches from

the other states. Looking at the branching node, denoted by a black arrow, the enhanced

mapper graph tells us the function value of the negative branching node is 6.9. That is,

within one week of data collection (April 19, 2020), New Jersey starts along its own epidemic

trend. The New York connected component in Fig. 4.5(b, pink) appears as an isolated island
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Figure 4.3. COVID-19: (a) Classic mapper graph with 5 intervals and 50% overlap. (b)
The corresponding enhanced mapper graph.
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Figure 4.4. COVID-19: (a) Classic mapper graph with 20 intervals and 50% overlap. (b)
The corresponding enhanced mapper graph.
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Figure 4.5. COVID-19: (a) Classic mapper graph with 22 intervals and 50% overlap. (b)
The corresponding enhanced mapper graph.
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under a number of parameters. To investigate further, we examine the filter function value

of the two endpoint nodes. Each node has a value of 0 and 160. During the entire data

collection window, New York had a different epidemic trend from all states.

CIFAR-10. Our final example in Fig. 4.6 comes from the CIFAR-10 dataset. The classic

mapper graph (a) and the enhanced mapper graph (b) are generated using 70 intervals

with 20% overlap. Suppose that we wish to investigate the loop in (a) at the end of the

black arrow. We can examine the corresponding function values of the two vertices that

link the loop to the rest of the graph in (b). In particular, one vertex has a function value

(L2-norm) of 15.4 and another with 16.0. That is, the loop is created at an L2-norm of

15.4 and disappears at 16.0. While the meaning of loops is slightly harder to interpret than

branches in the space of neural network activations, it is still informative to know the filter

function values when the loops first appear.

4.4 Discussion

Our four examples show cases where the enhanced mapper graph uniquely informs our

understanding of the underlying topology of the data. While the classic mapper graph

allows us to study the general structure and interesting topological features of a point

cloud, the enhanced mapper graph allow us to make pointed statements about the data

(e.g., when New Jersey’s epidemic trends deviate from other states). More broadly, the

edge lengths given by the enhanced mapper graph gives us geometric information about

interesting topological features.

Future work. Future work along this line includes first exploring existing datasets that

have known mapper graph results [10, 20, 22, 25]. In all the referenced examples, the classic

mapper graph has shown interpretable results. We can then use the enhanced mapper graph

to further explore these known results.

We would also like to explore the usage of machine learning with the enhanced mapper

graph. Graph neural networks have seen increasingly promising results [38]. Using the

recent advances in graph neural networks and the geometric information the enhanced

mapper graph provides, we can attempt to use the mapper graph as input to graph

neural networks. This presents both implementation and research challenges. In terms

of implementation, our library needs to be extended to work with existing deep learning
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Figure 4.6. CIFAR-10: (a) Classic mapper graph with 70 intervals and 20% overlap. (b)
The corresponding enhanced mapper graph.
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libraries, like PyTorch. On the research side, it would be nontrivial to demonstrate that the

enhanced mapper graph with graph neural networks leads to an improvement over existing

methods.



CHAPTER 5

CONCLUSION

The mapper construction is a popular data exploration and visualization tool from

topological data analysis. In this thesis, we explored the question of parameter selection

and released an open source library for computing the enhanced mapper graph.

We explored three strategies for tuning the parameters based on the Akaike information

criterion (AIC) and the Bayesian information criterion (BIC) in Chapter 3. We show that,

experimentally, multi-pass X-means converges to the hand-tuned or “ground-truth” mapper

graph. Our testing indicates that, under a range of parameters, multi-pass X-means is able

to recover significant branching and some loop structures even when the classic mapper

graph at the initialization parameters does not exhibit these features. These results point to

information theoretic measure being a very promising direction for adaptive cover selection.

For future work, we would like to explore the merging of cover elements and various notions

of entropy on simplicial complexes to derive a new information criterion for the mapper

graph.

In chapter 4, we articulate the algorithmic description of the enhanced mapper graph,

detail features of our open source library, and provide four examples of the type of analysis

the enhanced mapper graph supports. By using information from the enhanced mapper

graph, we can relate interesting topological features with specific filter function values. In

the COVID-19 dataset, for example, we can pinpoint the number of days since April 12,

2020 when states start experiencing different epidemic trends. We hope to use the enhanced

mapper graph to provide interpretable results on new and known datasets in the future.

Another potential direction for the enhanced mapper graph is to integrate with graph neural

networks. We would like to explore how the extra information provided by the enhanced

mapper graph can inform machine learning. We hope that users of the mapper graph will

be able to use the results of this thesis to enhance their analysis and visualization pipeline.
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