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ABSTRACT

Usermanipulationof assemblymodelscan provide insight
during the early, formulative designstagesinto kinematicand
dynamiccharacteristicef a mechanismWe presenthe adwan-
tagesof kinematicrepresentatioof constrainequationsn fully
Cartesiarcoordinatesa departurdrom standardracticefor in-
teractve mechanicahssemblatinteractive rates.

Formulationsof asurfacerolling contactconstrainequation
andits Jacobiangefinedasajoint betweertwo NURBSsurfaces
via position,tangeng and velocity constraintrelations,are de-
rivedfor usein dynamicsimulationandassemblyoptimization.
The constraintequationformulationsuse quaterniondo repre-
sentorientation. An appendixdevelopsappropriatedifferential
algebra.

In this work we develop the use of constraintsin global
frame Cartesiarcoordinatedor describingoperatofin-the-loop
interactionswith mechanicahssembliesindera unified frame-
work combininglower-pairjoints andmoregenerakurfacecon-
tactinteractions.

1 Introduction

Thekinematicsanddynamicsof thecomplicatedhighly un-
constrainedjointedmechanismshatarisein virtual prototyping
aredifficult to analyze.Frequentlyoccurringexamplesinclude
smoothfingeredgrasp,spatial cam-follover mechanismsand
beltdrives.

Constraintequationformulations can be usedto support
suchunusualjoints in kinematicoptimizationproblemsanddy-
namics. It is thennecessaryo decidethe form, or genealized
coodinateswith which to expresstheseequations.Generalized
coordinatesareary setof coordinatesusedto describesystem

configurationfurther, ary quantitymaysene asgeneralizedo-
ordinategGoldstein,1980],[Shabanal994]. The equationsp-
plicableto theabove citedexamplescanbeexpressedn absolute
Cartesiangeneglized coodinates (ACGC) [Shabanal994].
Reducedjoint-space)generlized coodinatesmay be usedas
an alternatve, but this alternatve is not applicableto joints
with mary degreesof freedomor joints with nonholonomicon-
straintsthatcannotbe parameterize{Baraff, 1996].

The Newton-Eulerequationsaandotherwell known dynam-
ics formulationscan be expressedn ACGC, and augmented
with Lagrangemultipliersto accountfor joint constraintforces
[Haug,1992],[Shabandl,994]. We have found this approacho
have desirablecharacteristicsn software engineeringand ex-
pressvenessdueto modularassociatiorof equationswith bod-
ies. Also, it is known to have linear costin the numberof con-
straints[Baraff, 199. This techniqueusessparseconstraint
Jacobiarmatrices thatis, partial derivatives of geometriccon-
straintexpressionshatenforcetherequirementhatjointsremain
connected.

Lagrangemultiplierscanbe usedwith the parameterization
of complicatedoints whenthejoint coordinateare ACGC. For
example,the nonholonomicsurfacerolling contact‘joint” asin
Fig. 1 canbe usedto handlevelocity-dependentonstraintsn a
framewvork which manageslifferentialoperation®n constraints.

Thesurfacecontacexampleshavnin Fig. 2 is aninteresting
casehatcancomeupin kinematicanddynamicanalysisof knee
or spatialcammechanismsThebeltdrivein Fig. 3is anexample
of aplanarcurve contact.Theanalysesn Sectionst, 5,and6 are
applicableto bothplanarcurve andspatialsurfaceconstraints.

Surfacejoints will have threepositiondegreesof freedom
(Fig. 4). While eachbody hassix degreesof freedomin veloc-
ity, threeof theseareremovedin therolling contactconstraints.



Figure 1. A wheeled vehicle can reach any position and orientation; its
position is not constrained. The constraint that can be written is nonholo-
nomic: the velocity of P along the axle is zero: a- d = O [Haug, 1992].

Figure 2. Two links in surface-surface contact, held together.

©)

Figure 3. Two links under curve contact constraint. At right is a belt drive
transformed into a rolling contact mechanism [Erdman, 1993].

Computationatechniquedor surfacederivativesare presented
in Sectionb.

S2@time 1

Figure 4. 3 position degrees of freedom are available in a surface con-
tact joint.

2 Background on Surface Contact

Mary importantcontactproblemsare classifiedas either
unilateralor bilateralconstraintsA bilateralconstrainexpresses
anequatiorof equality Theforceof constrainin thiscasecanbe
in eitherdirectionof the surfacenormal. A unilateralconstraint
expressesnequality and hasconstraintforce in one direction,
alongthe outward surfacenormal. This work is addressedo-
wardsunilateralconstraintgor dynamicsandbothunilateraland
bilateralconstraintgor assemblyoptimization.

Otherwork hastreatedsurface-surficecontactspr “against
surfaces’in termsof aunilaterallinearcomplementaritproblem
or asa quadraticprogrammingproblem[Lotstedt,1982]. A di-
rectmethodwithout optimizationis givenin [Baraff, 1994]. The
natureof thedynamicproblemtreatecherediffersin thatwe are
concernedvith the geometryof smoothsurfacejoints modeled
as bilateral constraintswhich hold together ratherthan unilat-
eral constraintsandfriction forcesof flat or polygonalsurface
contacts.

Work on rolling contacthasstudiedthe problemsof grasp-
ing, pushing,and steering. Prior work in this areabeginning
with [Montana, 198§ and [Cai, 1987] has madeuse of time-
dependentelations[Sarkar 1994],[Yun,1995], [Canry, 1990],
[Cremer 1994, [Jia, 1998],[Han,199§. Theevolutionarystyle
of updatingthe point andangleof contactby addingthe para-
metric contactcoordinatego the generalizeccoordinatess not
corveniently usedwith the Cartesiancoordinatesin the La-
grangemultiplier constraints,formulatedin [Shabanal994],
[Haug,1992], [Baraff, 1996 andthis work. We are concerned
with the developmentof surfacecontactkinematicsin coordi-
natesof the positionandorientationof eachlinkage.

Commercial CAD packagesare beginning to incorporate
new featuresin geometricconstraintssuch as edge-to-sudce
constraint§ProE], [Adamg, andmodelingof mechanismsvith
surfaceconstraintss becomingmoreadwanced.However, anal-
ysis of suchassembliess very applicationspecificand heavily
dependenbn particularpropertiesuchasplanarcharacteristics
of theconstraintor motion.

3 Linkage Surfaces
Thetensorproductnon-uniformrationalB-splinedefinition

of asurfaceS is amappingfrom R? — R®, i.e. a functionfrom

parametriqu,v) spaceo Cartesiar(x,y,z) space.

. Yi,j W, iPi,iBik, (U)Bj i, (V)
u,v) = _
) ¥i,j Wi, jBik, (U)Bj k, (V)

wherethe B-spline blendingfunctionsB, control meshp, and
weightsw areused.

We denotegeneralizedcoordinatesy' to be in Cartesian,
world spacefor eachsurfacei. Supposat is necessaryo rotate
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aNURBSIlinkageby a unit lengthquaterniord-tuplecontaining
componentsf Eulerparameters|s. 7 andtranslatiorby q;. 3.

Using the original control mesh,p®9, createthe control
points of the NURBS surfacein the global frame, pj j. Then
pi,j = R(q4,,7)pﬁ?g + g1..3, WwhereR is arotationaloperatomith
quaterniorargumentsThus,p; ; asafunctionof g, andSis now
afunctionof u,v andpoo, Po,1, ... Pn,m, and

_ 2, WP Biju (W)Bjw (V)
31T W, Bk, (U)Bj i, (V)

S(u,V,po,0(d),Po,1(Q),---) 1)

4 Constraint Equations

This paperpresentsa modularframework in which simple
joints andsurfacecontactoints canbe usedtogetheifor haptics
assemblyand dynamicinteraction. The surfaceconstraintsare
written in the mannerof lower-pair geometricjoint constraints
asfoundin [Yang,1995, [Shabanal994], [Haug,1992]. For
example,a sphericaljoint in Fig. 5 indicatesthatthe endpoints
of thetwo bodiesi and j mustmeet.

C®(q) =R(dy k' +d) s~ R(@, Dkl —al ; (2

Theconstank in Eqn.2is alocalbodyframevectorindicat-
ing the locationof the sphericaljoint (like p°'?). The Jacobian
of R(q; 4..7) areusedin Section7 andSection11.

Figure 5. Two differently detailed views of a spatial 1 DOF, 4 bar mech-
anism with two revolute joints, a spherical joint, and a universal joint. The
middle of the middle link is grasped by point contact.

Thesurfaceconstrainequationgxpresghefactthatthesur
facesmusttouch,mustbe tangentat that point, and (optionally)
mustroll, notslidearound.The positionconstrainis

CP =St (ut,vh) - (W) [P =0 3)

where(ul, v}) and(u?, v?) areobtainedrom asurface-suriceop-
timization algorithm[Kriezis, 1992],[Johnson;1999. Thetwo
pairs {(ut,v}), (U?,v?)} will be the parametric contactcoordi-
nates.

Tangeng constraintgo alongwith constrainiCP to enforce
thatthetangentplaneof bothsurfacesdefinethe sameplane.

an_ [P (St x SHut )| _ [0
e [se(uz,v2>-(sﬁ(ul,v1) x S&<u1,v1)>] = [0] &

EquationsCP andC'" aresuficient for a sliding NURBS-
NURBS contactcondition. In addition, we canwrite a rolling
joint contactconstraint. The rolling contactconstraintrequires
that no slippageoccurbetweentwo surfaces. To preventdrag-
ging or slipping, the amountof movementof the contactpoint
along one surface must be equalto the amountof movement
on the othersurface. Thus,the relative surfacevelocity is con-
strainedto reflectthis fact. We write the rolling constraintasa
time derivative, C™"', for consistennotationin Section8.

We measureherelative changdn surfaceCartesiarcontact
coordinatessaresultof thechangen g andg? with respecto
eachbody’slocalframe,or original surface,S, . For comparison,
therelative contactvelocity on S is orientedin theworld frame
andprojectedontothe contactplaneat St containingvectorsSt,

1

st.

S-RYUAHS =S} RA(P)S

(%)
S-RYAHS =S - RS

Herethe parametriccontacicoordinategu®, v) and(u?,v?)
arealsovariableover time, andarefunctionsof the positionco-
ordinatesy® andg? of eachbody The constraintequationthat
satisfiesEqn. 5, with thesubstitutiorS= RS_ + RS + 1.3, is

croll _ [Si+ (St =RSL— gl 3= P +RS +%. 5) | _ Ot
Si- (St —RS —qly 53— P+RF+0% 3) ©

EachtermS reducesgo g—gq.

For the “pure” rolling case slippageaboutthe axis perpen-
dicularto eitherequialentsurfacecontactnormalis (optionally)
not allowedandremaovesa third degreeof freedomfrom the ve-
locity characteristicsf eachbody (St x St) - (w! — w?) = 0may
be addedasa third equationfor C™', wherew; andw, arethe
angularvelocitiesof eachbody



5 Surface Evaluation Tools: g—g

To formulatethegeometricconstraintlacobiansye mustbe
ableto evaluatethesurface.]acobiarg%’ usein theformulationof
thegeometricconstraintlacobians.

Becausan interactive rate approximateninimum distance
algorithmis available [Kriezis, 1993, [Johnson1998 andthe
analyticalevaluationof g_s is prohibitive, we usenumericaldif-
ferentiationfor finding the Jacobianof the minimal distance
equationbetweentwo surfaces. For eachcolumni in the Jaco-
bian correspondingo a variablein ¢ = [g!Tg?™]", two sam-
plesof the distanceequationare evaluatedand the gradientis
approximatecby centralfinite differences.S*(ut,v%, g%?) will
bewritten asS'(qh?) becauséu?,v!) is obtainedrom thelocal
distancealgorithmandis dependenon g*2.

ast _ SH(q?+h)-st(g*~h)

12— 2h

aq; 7
082 _ SA(a*+h) - (g —h) "
aqil’z 2h

Each column of the Jacobianfor eachsurface requires2
evaluationsof the minimal distanceequation[Kriezis, 1992],
[Johnson;1998] for each componentof the translationsand
quaternionsin g>2. This method has error on the order
O(hA), or hz"%)%l, for someo in therange(q™? — h,q2+ h)
[Cheng, 1985]. One applicationof Richardsonextrapolation
would give an error of O(h*), but at the costof 4 minimal dis-
tanceevaluations.Somesimplenumericalanalysisshowvs thata
very smallvalueof h relative to the coordinatesnagnitudemay
be selectedn practicewithout resultingin lossof precisiondue
to subtractionof very similar numbers.For the purpose®f as-
semblyoptimization,the O(h) formula[Hansen1993,

0S _ (i +h) —S(g)
0q;2 h

hasoccasionallypeeninadequatdor optimizationpurposesThe

O(h?) methodis usedwhenthe O(h) techniquecausesionsen-
sical results. Accuray obtainedwith 4 sampleshasnot been
requiredin examplesencounteredofar. An additionalcompli-

cationoccurssincethe quaterniorcomponentsf g by h violates
the unit length constrainton the quaternion. Renormalization
schemesremoval of one of the dependentjuaternioncompo-
nents,andthe useof Euler anglesare possiblewaysto handle
changen rotationcoordinates.

The“crosstalk” betweerthe surfaceshecomesvidenthere
asthe partial derivative is with respecto bothg® andg?. More
intuitively, the motion of one surfacewill changethe closest
point on itself andthe othersurfaceaswell. We notethat other

polygonalor surfacerepresentationthat have fastminimal dis-
tanceevaluationalgorithmsmay usethefinite differencesalgo-
rithm, andthatthe surfaceanalysisin this paperappliesaslong
asreasonablgmoothsurfacecharacteristicareapartof therep-
resentation.

6 Constraint Jacobian
Critical elementsneededin performing kinematics opti-
mizationand dynamicanalysisarethe constraintequationsand
their JacobiansWe derive thepartialderivativesof CP, C'a", and
Cc™!l the constraintequationf our approach.
Thepositionconstraintlacobiarfor CP is

oCP  9(]|St(ut,vh) — (1P V)| %)
o(qt,q?) a(qt,9?)

(8)

and||St — S?||? is the sumof the squaresf the differencesof
the of the surface evaluations. Recallingthat g—g is obtainable
(Sectionb),

(S-A)-(st-%)) _
5 =

q
a(stsl 28?4287
aq -
(Y o1 (Y 2 , () o1 () 2
2208)g (%) g? 4 X2 gl 4 223N,

The algebrafor the Jacobiarof the tangeng constraintis
madestraightforvard by the triple scalarproductrelationwith
thedeterminanbf a matrix.

ai az ag
a-bxc=|b; by bs 9)
C1 C2 C3

wherewe seta = S5(12,Vv?), b = St(ut,v!) andc = S}(ut,v!)
from Eqn. 4. Now C'@" becomesfor d = S(u?,v?),

a1(bac3 — bacz) — ap(b1c3 — bacy) + ag(bicz — bocy)

ctan — . . . .
d1(b2C3 — b3cz) — d(b1C3 — bscy) + d3(b1Co — bocy)
(10)
and
[ agq(b2cs —bscy) + a3 (b2qC3 + C3gbz — b3qC2 — Cogba)
< — 82q(P1C3 — b3C1) — @p(b1qC3 + Cagh1 — b3gC1 — C1q3)
actan | -+ @3q(P1C2 —b2Cy) +83(b1gC2 + Cagby — b2qC1 — C1gP2)
=
9 01g(b2C3 — baCo) 4 dy(b2gCs + C3gb2 — bagCr — Cogba)
<. = Opg(b1€3 — b3C1 ) — dp(b1gC3 + C3go1 — b3gCy — C1gb3)
| .-+ 03g(b1C2 — bacy) + d3(b1C2 + Coghy — bogC1 — C1gb2) |

(11)
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Otherjoints have anadditionalrolling constraintcondition,

a(':roll

aqhap) —9C (12)

where

= _ [Sw- (Sigdi— RS~ g1 — Spqf1+ ReSat + ¢?)
S (Swd— RS — ' =S+ RS +0%) |7 (13,
G=|®
Qz’
F

andFq is 5. Now noteC™'" is afunctionof time aswell; there-

forethetermsGy, Fqt, andC!" arerequiredin the equation®f
motionandfollow from Eqns.12and13.

7 Assembly Optimization for Haptics

Methodshave beendevelopedfor solvingor optimizinggeo-
metricconstraintgor the purposesamongothers,of mechanism
assemblyand toleranceanalysis. Artificial intelligencetech-
nigues[Kramer, 1992], constraintpropagationdegree of free-
domanalysisnponlineamprogrammingalgebraigraphreduction
[Bourma,1995],anddynamicforces[Barr, 1988] have all been
usedassolutionmethods.

A users handgraspingan objectmay be representedsthe
groundconstraintin an assembly The solutionof the resulting
systensolvesthegeneralizednversekinematicgproblemwhich
allows the userto move piecesof the assemblyin aninteractive
way. A review of theformulationof simpleconstraintsn Carte-
siancoordinatess containedn [Shabanal994.

Automatic assemblyoptimization for finding mechanical
configurationsatisfyingjoint constraint<(q) = 0, i.e. by New-
ton’s optimizationmethod,

CqlAq = —C(q) (14)

is usefulin assemblyanalysisto eliminatethe needto pieceto-
getherassemblie®y hand. Solving for q givesa valid mecha-
nismconfigurationwhichis requiredin Section8.

An iterative techniqueto approximatinga solutionis given

by
Ag = kC§ (—C(q)) (15)

Intuitively, we may think of Eqn. 15 asakind of spring. When
oneused agrangemultipliersto enforceconstraintsmultipliers

A giveriseto aforcein configurationspaceof Cg)\. Thedirec-
tionsof theconstrainforceareCy. If wethink of springstrying
to enforcethe constraintsand malke the springforce be propor
tionalto error(erroris theconstraininanifoldC), wewould have
in general

springforce= —kCqC

Whenforming C andCy, the changein rotationof a vec-
tor with respectto the changein the coordinatesq is used.

[Shabanal994] derives such a term R(da.6)v Optimization

004.6
methodsfor geometricsatisfiction problemsuse of %ﬂ but
can have difficulties in most configurationswith local minima
whenEuleranglesareused. To circumwentlocal minima prob-
lems, we usea quaterniord-tupleto represenbrientation. The
stepsfor evaluatingthe rotation operator%j;’—q(**l in Cq arede-
tailedin theappendixon quaterniordifferentiation.

Becausejuaternionsotatearounda constanvector, getting
from one orientationto anotherin the optimizationof the con-
straintequationsof a mechanismby gradientdescenis essen-
tially linearly interpolatingbetweerpositionandquaterniorori-
entations.WhenEuleranglesareused,the gradientusedin de-
scendingowardsa moreoptimal orientationmay becomestuck
in modes.Thosemodesancausdrequentocalminimabut they
areavoidedwith theuseof quaternions.

The use of geometricconstraintswith quaternioncoordi-
natesthereforereducesto applying forces somavhat like the
methodsin [Barr, 1988]. We have found experimentallythat a
choiceof k=0.1is a high but stablevaluefor the examplesen-
counteredofar. Thisconstantsalimit onhow fasttheassembly
processcorvergesto satishction. Becausehereis no directde-
pendencdetweerthe sizeof themechanisnandk, the constant
time algorithmin the next sectioncanbe applied.

7.1 Massively Parallel Optimization

Eqgn. 15is a sparsematrix multiplied by a columnvectot
Thelocationsof the denseareadn the sparsematrix areknowvn
andgeneratedrom the constraintelationbetweerbodies.Each
elemenin Ag maybeevaluatedbnaseparat@rocessoby send-
ing arow of Cg anda copy of C to a differentprocessarSince
eachprocessohasat mosttwo or threenon-zeroareasin CJ,
only threeareasof multiplicationneedto occurbetweerf:g and
C in practice.Theinterdependencef datais notaproblem;data
canbe copiedor farmedout to eachprocessoandindependent
resultscanbecollectedonahostprocessarThealgorithmthere-
fore hasthe propertyin thatit will run in constanttime given
enoughprocessors.



8 Motion Equation
We couplethe equation®f motionandtwo time derivatives
of theconstraintequationC(g,t) = 0 asin

Cag=-C .
Cqd = —Cit — (Cqq)qd — 2Cqtq
M@+ CiA = Qe+Qy

where Qe are external appliedforces,and Q, are velocity
dependenterms [Shabanal994]. Cg)\ is the joint constraint
force as shovn in [Haug,1992]. The problemcan be solved
for § and A in linear time [Baraff, 1996. This differential-
algebraicsystemmay be integratedwith the useof stabilization
techniguegdBaumgarte1972], [Negrut, 1997], [Ascher 1995],
[Potra,1995, [Campbell,1995].

It is desirableto have the massmatrix M and vector Qy
in termsof quaternionacceleratiofOmelyan,1998]. Stepsto-
ward the reformulationof the massmatrix and generalizedn-
ertial forcesthat dependon velocity in termsof quaternionsy
usingthe angularvelocity relationwith quaternionsnay be de-
rivedfollowing the manneiin [Haug,1992].

9 Results

Theconstrainbptimizationtechniquefiave beendeveloped
within aprototypicalMatlabernvironmentandarebeingincorpo-
ratedinto Utah’s Alpha.1 modelingernvironment{Cohen,1980].
The constraintsfor lower-pair joints have beenimplementedn
a high performanceC++ compiledform. Whenthe operatoris
a partof the assemblyoptimizationthrougha groundedfinger,
usuallysingleiterationhasbeensufficientfor the interactve re-
assembly An updateof 30kHzis achieved for smallexamples,
wuchasthoseshavn in Figs.6, 7.

The surfaceconstraintequationshave alsobeendeveloped
underMatlab,andarein the procesf beingincorporatednto a
compiledform. Corvergenceof a curve-cune contactexample
is shovn in Fig. 8. Simplerconstraintequationsijncluding rev-
olute, spherical,and prismaticjoints have beenimplementedo
testthe dynamicssupportframeawork.

Figure 6. Steps of auto-assembly during optimization for a mechanism
with bendy, 90 degree pieces and 2 ground constraints.

The useof gradientdescentin the assemblyoptimization
requiresmorethan 15 iterationswhen links are very far awvay

asin the begginning of a demonstration. However, only 1 it-

erationper seno cycle is requiredin the usualcasedueto the
factthat so mary updategper secondare obtainedwith the lin-

eartime algorithmandthatthe users handcannotmove very far
in 10°° seconds.This is a performanceadwantagefor haptics
methodsover quadraticallycorverging, cubic cost algorithms
[SDFast,1990],[Garcia,1994],[Shabanal 994, [Nahvi, 1998],
[Lenarcic,1998].

The avoidanceof local minima for largely unassembled
partsis also an advantageas discussedn Section7. “Nice-
looking” solutionsare obtainedin an attemptto meetthe as-
semblyconstraintdbecausehe optimization“forces” propagate
throughouthe mechanism.

Figure 7. Assembly solution for a Stewart platform.

The assemblyoptimization procedureappliesto other de-
sign variablesbesideslink positions. Flexible body coordi-
natesjink length,andotherparameterhave alsobeenoptimized
in this frameavork in a mannersimilar to [Ashrafiuon,1990],
[Hansen1995],[Zou, 1997].

Figure 8. Assembly curve-curve  mechanism
[Erdman, 1993]. Both links are also constrained by two revolute
joints attached to ground, making it a 1 DOF planar mechanism.

sequence for

10 Conclusion

Theapproactadwocatedn this paperfor constrainsatisfic-
tion, inversekinematics,and similar assemblyproblemsis the
useof constraintequationsandthe Jacobiarof constraintequa-
tions. The adwvantageof this approachs a compactimplemen-
tation, re-useof constraintsor dynamics,computationexpense
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linearin the numberof constraintsandmassve parallelismfor
constanasymptoticunningtime.

The formulationof surfacerolling constraintsn the frame-
work of constraintJacobiandgor usein assemblyoptimization
and Lagrangemultiplier dynamicshasbeenderived. Initial re-
sultsdemonstratedothfor this formulationhave beenshowvn to
have atractableparameterizatioandsmallimplementationAd-
ditional researchs neededo testthe scalablecharacteristicef
theapproacton largermechanisms.

11 Appendix: Quaternion Differential Algebra

The computationalcost of memory cachingand multipli-
cationsin the operationgperformedby rotationmatrices,Euler
angles,Rodriguezparametersand quaternionsare all similar
[Funda,1990]. But the uniquerepresentatiomf orientationis
bestaccomplisheavith quaternions.

The quaterniorrotationoperate®n avectorby:

av q* = (95— q-q)v+29oq X v+ 2q(q - v)

whereqg* = qp — q denotegheinverseof the quaternion.
The rotation constraint of a unit quaternion is that
|lgo+ 02 + G + 6Z|| = 1. We could eliminateqo asdependent

with 0o = (1— 0§ — g — 2) 3 atthis point, but for bothdynamics
andassemblyconsiderationsthe unit length constraintis more
easily introduced in the geometric constraint equation and
Jacobian.This allows us to ignore the specialcasethat occurs
when the scalar quaternionpart is 0 and to obtain a simple
differentiationoperationwith all four elementsthat avoids the
squareroot introducedabove. This importantoperationusedin

simple joints and more complicatedsurface constraintss now

givenby

a(ave CyVz — OzVy OxVx + QyVy + QzVz ...
(%q b= OoVy + QzVx — OxVz —OxVy — QoVz + QyVx ...
CoVz + CIxVy - quX QOVy + qsz —0OxVz ...

CoVz+ OxVy — OyVx —0zVx — QoVy + OxVz
OxVx + QyVy + Oz2Vz  —0zVy + QoVx + OyVz (16)
—QyVz— QoVx + QzVy  OxVx + OyVy + 0zVz
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