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ABSTRACT
Usermanipulationof assemblymodelscanprovide insight

during the early, formulative designstagesinto kinematicand
dynamiccharacteristicsof a mechanism.We presenttheadvan-
tagesof kinematicrepresentationof constraintequationsin fully
Cartesiancoordinates,a departurefrom standardpracticefor in-
teractivemechanicalassemblyat interactiverates.

Formulationsof asurfacerolling contactconstraintequation
andits Jacobian,definedasajoint betweentwoNURBSsurfaces
via position,tangency andvelocity constraintrelations,arede-
rivedfor usein dynamicsimulationandassemblyoptimization.
The constraintequationformulationsusequaternionsto repre-
sentorientation. An appendixdevelopsappropriatedifferential
algebra.

In this work we develop the use of constraintsin global
frameCartesiancoordinatesfor describingoperator-in-the-loop
interactionswith mechanicalassembliesundera unified frame-
work combininglower-pair jointsandmoregeneralsurfacecon-
tactinteractions.

1 Introduction
Thekinematicsanddynamicsof thecomplicated,highlyun-

constrained,jointedmechanismsthatarisein virtual prototyping
aredifficult to analyze.Frequentlyoccurringexamplesinclude
smoothfingeredgrasp,spatialcam-follower mechanisms,and
beltdrives.

Constraintequationformulationscan be used to support
suchunusualjoints in kinematicoptimizationproblemsanddy-
namics. It is thennecessaryto decidethe form, or generalized
coordinateswith which to expresstheseequations.Generalized
coordinatesareany setof coordinatesusedto describesystem

configuration;further, any quantitymayserveasgeneralizedco-
ordinates[Goldstein,1980],[Shabana,1994].Theequationsap-
plicableto theabovecitedexamplescanbeexpressedin absolute
Cartesiangeneralized coordinates, (ACGC) [Shabana,1994].
Reduced(joint-space)generalized coordinatesmay be usedas
an alternative, but this alternative is not applicableto joints
with many degreesof freedomor jointswith nonholonomiccon-
straintsthatcannotbeparameterized[Baraff, 1996].

TheNewton-Eulerequationsandotherwell known dynam-
ics formulationscan be expressedin ACGC, and augmented
with Lagrangemultipliers to accountfor joint constraintforces
[Haug,1992],[Shabana,1994]. We have foundthis approachto
have desirablecharacteristicsin software engineeringand ex-
pressivenessdueto modularassociationof equationswith bod-
ies. Also, it is known to have linearcostin thenumberof con-
straints[Baraff, 1996]. This techniqueusessparseconstraint
Jacobianmatrices,that is, partial derivativesof geometriccon-
straintexpressionsthatenforcetherequirementthatjointsremain
connected.

Lagrangemultiplierscanbeusedwith theparameterization
of complicatedjointswhenthejoint coordinatesareACGC.For
example,thenonholonomicsurfacerolling contact“joint” asin
Fig. 1 canbeusedto handlevelocity-dependentconstraintsin a
frameworkwhichmanagesdifferentialoperationsonconstraints.

Thesurfacecontactexampleshown in Fig.2 is aninteresting
casethatcancomeupin kinematicanddynamicanalysisof knee
or spatialcammechanisms.Thebeltdrivein Fig.3 is anexample
of aplanarcurvecontact.Theanalysesin Sections4, 5,and6 are
applicableto bothplanarcurveandspatialsurfaceconstraints.

Surfacejoints will have threepositiondegreesof freedom
(Fig. 4). While eachbodyhassix degreesof freedomin veloc-
ity, threeof theseareremovedin therolling contactconstraints.
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Figure 1. A wheeled vehicle can reach any position and orientation; its

position is not constrained. The constraint that can be written is nonholo-

nomic: the velocity of P along the axle is zero: a � ḋ � 0 [Haug, 1992].

Figure 2. Two links in surface-surface contact, held together.

Figure 3. Two links under curve contact constraint. At right is a belt drive

transformed into a rolling contact mechanism [Erdman, 1993].

Computationaltechniquesfor surfacederivativesarepresented
in Section5.
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Figure 4. 3 position degrees of freedom are available in a surface con-

tact joint.

2 Background on Surface Contact
Many important contactproblemsare classifiedas either

unilateralor bilateralconstraints.A bilateralconstraintexpresses
anequationof equality. Theforceof constraintin thiscasecanbe
in eitherdirectionof thesurfacenormal. A unilateralconstraint
expressesinequalityand hasconstraintforce in one direction,
along the outward surfacenormal. This work is addressedto-
wardsunilateralconstraintsfor dynamicsandbothunilateraland
bilateralconstraintsfor assemblyoptimization.

Otherwork hastreatedsurface-surfacecontacts,or “against
surfaces”in termsof aunilaterallinearcomplementarityproblem
or asa quadraticprogrammingproblem[Lotstedt,1982]. A di-
rectmethodwithoutoptimizationis givenin [Baraff, 1994].The
natureof thedynamicsproblemtreatedherediffersin thatweare
concernedwith thegeometryof smoothsurfacejoints modeled
as bilateralconstraintswhich hold together, ratherthanunilat-
eral constraintsandfriction forcesof flat or polygonalsurface
contacts.

Work on rolling contacthasstudiedtheproblemsof grasp-
ing, pushing,and steering. Prior work in this areabeginning
with [Montana,1988] and [Cai, 1987] has madeuse of time-
dependentrelations[Sarkar, 1994], [Yun,1995], [Canny, 1990],
[Cremer, 1996], [Jia,1998],[Han,1998]. Theevolutionarystyle
of updatingthe point andangleof contactby addingthe para-
metric contactcoordinatesto thegeneralizedcoordinatesis not
conveniently used with the Cartesiancoordinatesin the La-
grangemultiplier constraints,formulated in [Shabana,1994],
[Haug,1992], [Baraff, 1996] and this work. We areconcerned
with the developmentof surfacecontactkinematicsin coordi-
natesof thepositionandorientationof eachlinkage.

CommercialCAD packagesare beginning to incorporate
new featuresin geometricconstraintssuchas edge-to-surface
constraints[ProE], [Adams], andmodelingof mechanismswith
surfaceconstraintsis becomingmoreadvanced.However, anal-
ysis of suchassembliesis very applicationspecificandheavily
dependenton particularpropertiessuchasplanarcharacteristics
of theconstraintor motion.

3 Linkage Surfaces
Thetensorproductnon-uniformrationalB-splinedefinition

of a surfaceS is a mappingfrom R2 � R3, i.e. a functionfrom
parametric(u,v) spaceto Cartesian(x,y,z) space.

S � u � v��� ∑i 	 j wi 	 jpi 	 jBi 	 ku � u� Bj 	 kv � v�
∑i 	 j wi 	 jBi 	 ku � u� Bj 	 kv � v�

wherethe B-splineblendingfunctionsB, control meshp, and
weightsw areused.

We denotegeneralizedcoordinatesqi to be in Cartesian,
world space,for eachsurfacei. Supposeit is necessaryto rotate
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aNURBSlinkageby aunit lengthquaternion4-tuplecontaining
componentsof Eulerparametersq4 
 
 7 andtranslationby q1 
 
 3.

Using the original control mesh,porig, createthe control
points of the NURBS surfacein the global frame, pi 	 j . Then
pi 	 j � R � q4 
 
 7 � porig

i 	 j � q1 
 
 3, whereR is a rotationaloperatorwith
quaternionarguments.Thus,pi 	 j asafunctionof q, andS is now
a functionof u � v andp0 	 0, p0 	 1, ... pn 	m, and

S � u � v� p0 	 0 � q ��� p0 	 1 � q ���������� ∑i 	 j wi 	 jpi 	 jBi 	 ju � u� Bj 	 vv � v�
∑m

i 	 j wi 	 jBi 	 ku � u� Bj 	 kv � v�  (1)

4 Constraint Equations
This paperpresentsa modularframework in which simple

joints andsurfacecontactjoints canbeusedtogetherfor haptics
assemblyanddynamicinteraction. The surfaceconstraintsare
written in the mannerof lower-pair geometricjoint constraints
as found in [Yang,1995], [Shabana,1994], [Haug,1992]. For
example,a sphericaljoint in Fig. 5 indicatesthat the endpoints
of thetwo bodiesi and j mustmeet.

Csph � q ��� R � qi
4 
 
 7 � ki � qi

1 
 
 3 � R � q j
4 
 
 7 � k j � q j

1 
 
 3 (2)

Theconstantk in Eqn.2 is alocalbodyframevectorindicat-
ing the locationof thesphericaljoint (like porig). The Jacobian
of R � qi 	 4 
 
 7 � areusedin Section7 andSection11.

Figure 5. Two differently detailed views of a spatial 1 DOF, 4 bar mech-

anism with two revolute joints, a spherical joint, and a universal joint. The

middle of the middle link is grasped by point contact.

Thesurfaceconstraintequationsexpressthefactthatthesur-
facesmusttouch,mustbetangentat thatpoint,and(optionally)
mustroll, not slidearound.Thepositionconstraintis

Cp ����� S1 � u1 � v1 � � S2 � u2 � v2 ������� 2 � 0 (3)

where(u1 � v1) and(u2 � v2) areobtainedfromasurface-surfaceop-
timizationalgorithm[Kriezis, 1992], [Johnson,1998]. The two
pairs

� � u1 � v1 ����� u2 � v2 ��� will be the parametriccontactcoordi-
nates.

Tangency constraintsgoalongwith constraintCp to enforce
thatthetangentplaneof bothsurfacesdefinethesameplane.

Ctan � �
S2

u � u2 � v2 ����� S1
u � u1 � v1 ��� S1

v � u1 � v1 ���
S2

v � u2 � v2 ����� S1
u � u1 � v1 ��� S1

v � u1 � v1 ����� � �
0
0 � (4)

EquationsCp andCtan aresufficient for a sliding NURBS-
NURBS contactcondition. In addition,we canwrite a rolling
joint contactconstraint.The rolling contactconstraintrequires
that no slippageoccurbetweentwo surfaces.To prevent drag-
ging or slipping, the amountof movementof the contactpoint
along one surfacemust be equal to the amountof movement
on the othersurface. Thus,the relative surfacevelocity is con-
strainedto reflectthis fact. We write the rolling constraintasa
timederivative,Ċroll , for consistentnotationin Section8.

Wemeasuretherelativechangein surfaceCartesiancontact
coordinatesasaresultof thechangein q1 andq2 with respectto
eachbody’s local frame,or originalsurface,SL. For comparison,
therelativecontactvelocity on SL is orientedin theworld frame
andprojectedontothecontactplaneatS1 containingvectorsS1

u,
S1

v.

S1
u � R1 � q1 � Ṡ1

L � S1
u � R2 � q2 � Ṡ2

L

S1
v � R1 � q1 � Ṡ1

L � S1
v � R2 � q2 � Ṡ2

L

(5)

Heretheparametriccontactcoordinates� u1 � v1 � and � u2 � v2 �
arealsovariableover time,andarefunctionsof thepositionco-
ordinatesq1 andq2 of eachbody. The constraintequationthat
satisfiesEqn.5, with thesubstitutionṠ � RṠL � ṘSL � q̇1 
 
 3, is

Ċroll � �
S1

u ��� Ṡ1 � ṘS1
L � q̇1

1 
 
 3 � Ṡ2 � ṘS2
L � q̇2

1 
 
 3 �
S1

v ��� Ṡ1 � ṘS1
L � q̇1

1 
 
 3 � Ṡ2 � ṘS2
L � q̇2

1 
 
 3 � � � 02x1

(6)
EachtermṠ reducesto ∂S

∂q q̇.
For the“pure” rolling case,slippageabouttheaxisperpen-

dicularto eitherequivalentsurfacecontactnormalis (optionally)
not allowedandremovesa third degreeof freedomfrom theve-
locity characteristicsof eachbody. � S1

u � S1
v � ��� ω1 � ω2 ��� 0 may

beaddedasa third equationfor Ċroll , whereω1 andω2 arethe
angularvelocitiesof eachbody.
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5 Surface Evaluation Tools: ∂S
∂q

To formulatethegeometricconstraintJacobians,wemustbe
ableto evaluatethesurfaceJacobian∂S

∂q usein theformulationof
thegeometricconstraintJacobians.

Becausean interactive rateapproximateminimumdistance
algorithmis available[Kriezis, 1992], [Johnson,1998] and the
analyticalevaluationof ∂S

∂q is prohibitive, we usenumericaldif-
ferentiationfor finding the Jacobianof the minimal distance
equationbetweentwo surfaces.For eachcolumn i in the Jaco-
biancorrespondingto a variablein q1 	 2

i �"! q1T
i q2T

i # T, two sam-
plesof the distanceequationareevaluatedand the gradientis
approximatedby centralfinite differences.S1 � u1 � v1 � q1 	 2 � will
bewrittenasS1 � q1 	 2 � because� u1 � v1 � is obtainedfrom thelocal
distancealgorithmandis dependentonq1 	 2.

∂S1

∂q1$ 2
i

� S1 % q1 $ 2
i & h')( S1 % q1$ 2

i ( h'
2h

∂S2

∂q1$ 2
i

� S2 % q1 $ 2
i & h')( S2 % q1$ 2

i ( h'
2h

(7)

Eachcolumn of the Jacobianfor eachsurfacerequires2
evaluationsof the minimal distanceequation[Kriezis, 1992],
[Johnson,1998] for each componentof the translationsand
quaternionsin q1 	 2. This method has error on the order

O(h2), or h2 ∂2S % σ '% ∂q ' 2 , for someσ in the range � q1 	 2 � h � q1 	 2 � h�
[Cheney, 1985]. One applicationof Richardsonextrapolation
would give an error of O(h4), but at the costof 4 minimal dis-
tanceevaluations.Somesimplenumericalanalysisshows thata
very smallvalueof h relative to thecoordinatesmagnitudemay
beselectedin practicewithout resultingin lossof precisiondue
to subtractionof very similar numbers.For thepurposesof as-
semblyoptimization,theO(h) formula[Hansen,1995],

∂S

∂q1 	 2
i

� S � q1 	 2
i � h� � S � q1 	 2

i �
h

hasoccasionallybeeninadequatefor optimizationpurposes.The
O(h2) methodis usedwhenthe O(h) techniquecausesnonsen-
sical results. Accuracy obtainedwith 4 sampleshasnot been
requiredin examplesencounteredsofar. An additionalcompli-
cationoccurssincethequaternioncomponentsof q by h violates
the unit length constrainton the quaternion. Renormalization
schemes,removal of one of the dependentquaternioncompo-
nents,and the useof Euler anglesarepossiblewaysto handle
changein rotationcoordinates.

The“crosstalk” betweenthesurfacesbecomesevidenthere
asthepartialderivative is with respectto bothq1 andq2. More
intuitively, the motion of one surface will changethe closest
point on itself andtheothersurfaceaswell. We notethatother

polygonalor surfacerepresentationsthathave fastminimal dis-
tanceevaluationalgorithmsmayusethefinite differencesalgo-
rithm, andthat thesurfaceanalysisin this paperappliesaslong
asreasonablysmoothsurfacecharacteristicsareapartof therep-
resentation.

6 Constraint Jacobian
Critical elementsneededin performing kinematicsopti-

mizationanddynamicanalysisaretheconstraintequationsand
theirJacobians.Wederivethepartialderivativesof Cp, Ctan, and
Ċroll , theconstraintequationsof ourapproach.

ThepositionconstraintJacobianfor Cp is

∂Cp

∂ � q1 � q2 � � ∂ ����� S1 � u1 � v1 � � S2 � u2 � v2 ����� 2 �
∂ � q1 � q2 � (8)

and ��� S1 � S2 ��� 2 is the sumof the squaresof the differencesof
the of the surfaceevaluations. Recallingthat ∂S

∂q is obtainable
(Section5),

∂ %�% S1 ( S2 '+* % S1 ( S2 '�'
∂q �

∂ % S1S1 ( 2S1S2 & S2S2 '
∂q �

2∂ % S1 '
∂q S1 � 2 � ∂ % S1 '

∂q S2 � ∂ % S2 '
∂q S1 � � 2∂ % S2 '

∂q S2,

The algebrafor the Jacobianof the tangency constraintis
madestraightforward by the triple scalarproductrelationwith
thedeterminantof amatrix.

a � b � c �-,,,,,,
a1 a2 a3

b1 b2 b3

c1 c2 c3

,,,,,, (9)

wherewe seta � S2
u � u2 � v2 � , b � S1

u � u1 � v1 � andc � S1
v � u1 � v1 �

from Eqn.4. Now Ctan becomes,for d � S2
v � u2 � v2 � ,

Ctan � �
a1 � b2c3 � b3c2 � � a2 � b1c3 � b3c1 � � a3 � b1c2 � b2c1 �
d1 � b2c3 � b3c2 � � d2 � b1c3 � b3c1 � � d3 � b1c2 � b2c1 � �

(10)
and

∂Ctan

∂q1 . 2 /
0111111112 a1q 3 b2c3 4 b3c2 5�6 a1 3 b2qc3 6 c3qb2 4 b3qc2 4 c2qb3 57�7�7 4 a2q 3 b1c3 4 b3c1 584 a2 3 b1qc3 6 c3qb1 4 b3qc1 4 c1qb3 57�7�7 6 a3q 3 b1c2 4 b2c1 596 a3 3 b1qc2 6 c2qb1 4 b2qc1 4 c1qb2 5

d1q 3 b2c3 4 b3c2 5�6 d1 3 b2qc3 6 c3qb2 4 b3qc2 4 c2qb3 57�7�7 4 d2q 3 b1c3 4 b3c1 584 d2 3 b1qc3 6 c3qb1 4 b3qc1 4 c1qb3 57�7�7 6 d3q 3 b1c2 4 b2c1 596 d3 3 b1qc2 6 c2qb1 4 b2qc1 4 c1qb2 5
: ;;;;;;;;<

(11)
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Otherjointshaveanadditionalrolling constraintcondition,

∂Ċroll

∂ � q1 � q2 � � FqG (12)

where

F � �
S1u ��� S1qq̇ � Ṙ1S1L � q̇1 � S2qq̇ � Ṙ2S2L � q̇2 �
S1v ��� S1qq̇ � Ṙ1S1L � q̇1 � S2qq̇ � Ṙ2S2L � q̇2 � � �

G � �
q̇1

q̇2 � � (13)

andFq is ∂F
∂q . Now noteĊroll is a functionof timeaswell; there-

fore thetermsGt , Fqt , andC̈roll arerequiredin theequationsof
motionandfollow from Eqns.12and13.

7 Assembly Optimization for Haptics
Methodshavebeendevelopedfor solvingor optimizinggeo-

metricconstraintsfor thepurposes,amongothers,of mechanism
assemblyand toleranceanalysis. Artificial intelligencetech-
niques[Kramer, 1992], constraintpropagation,degreeof free-
domanalysis,nonlinearprogramming,algebraicgraphreduction
[Bourma,1995],anddynamicforces[Barr, 1988]have all been
usedassolutionmethods.

A user’s handgraspinganobjectmayberepresentedasthe
groundconstraintin an assembly. Thesolutionof the resulting
systemsolvesthegeneralizedinversekinematicsproblemwhich
allows theuserto move piecesof theassemblyin aninteractive
way. A review of theformulationof simpleconstraintsin Carte-
siancoordinatesis containedin [Shabana,1994].

Automatic assemblyoptimization for finding mechanical
configurationssatisfyingjoint constraintsC � q ��� 0, i.e. by New-
ton’soptimizationmethod,

Cq∆q � � C � q � (14)

is usefulin assemblyanalysisto eliminatetheneedto pieceto-
getherassembliesby hand. Solving for q givesa valid mecha-
nismconfigurationwhich is requiredin Section8.

An iterative techniqueto approximatinga solutionis given
by

∆q � kCT
q � � C � q ��� (15)

Intuitively, we maythink of Eqn.15 asa kind of spring. When
oneusesLagrangemultipliersto enforceconstraints,multipliers

λ give riseto a force in configurationspaceof CT
q λ. Thedirec-

tionsof theconstraintforceareCq. If we think of springstrying
to enforcetheconstraints,andmake thespringforcebepropor-
tionalto error(erroris theconstraintmanifoldC), wewouldhave
in general

springf orce � � kCT
q C

Whenforming C andCq, the changein rotationof a vec-
tor with respectto the changein the coordinatesq is used.
[Shabana,1994] derives such a term ∂R % q4 = = 6 ' v

∂q4 = = 6 . Optimization

methodsfor geometricsatisfactionproblemsuseof ∂R % q ' v
∂q but

can have difficulties in most configurationswith local minima
whenEuleranglesareused.To circumvent local minimaprob-
lems,we usea quaternion4-tupleto representorientation.The
stepsfor evaluatingthe rotation operator∂ % qvq>?'

∂q in Cq are de-
tailedin theappendixonquaterniondifferentiation.

Becausequaternionsrotatearoundaconstantvector, getting
from oneorientationto anotherin the optimizationof the con-
straintequationsof a mechanismby gradientdescentis essen-
tially linearly interpolatingbetweenpositionandquaternionori-
entations.WhenEuleranglesareused,thegradientusedin de-
scendingtowardsa moreoptimalorientationmaybecomestuck
in modes.Thosemodescancausefrequentlocalminimabut they
areavoidedwith theuseof quaternions.

The useof geometricconstraintswith quaternioncoordi-
natesthereforereducesto applying forces somewhat like the
methodsin [Barr, 1988]. We have found experimentallythat a
choiceof k=0.1 is a high but stablevaluefor the examplesen-
counteredsofar. Thisconstantisalimit onhow fasttheassembly
processconvergesto satisfaction.Becausethereis no directde-
pendencebetweenthesizeof themechanismandk, theconstant
timealgorithmin thenext sectioncanbeapplied.

7.1 Massively Parallel Optimization
Eqn. 15 is a sparsematrix multiplied by a columnvector.

The locationsof thedenseareasin thesparsematrix areknown
andgeneratedfrom theconstraintrelationbetweenbodies.Each
elementin ∆q maybeevaluatedonaseparateprocessorby send-
ing a row of CT

q anda copy of C to a differentprocessor. Since
eachprocessorhasat most two or threenon-zeroareasin CT

q ,
only threeareasof multiplicationneedto occurbetweenCT

q and
C in practice.Theinterdependenceof datais notaproblem;data
canbe copiedor farmedout to eachprocessorandindependent
resultscanbecollectedonahostprocessor. Thealgorithmthere-
fore hasthe propertyin that it will run in constanttime given
enoughprocessors.
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8 Motion Equation
Wecoupletheequationsof motionandtwo timederivatives

of theconstraintequationC � q � t �@� 0 asin

Cqq̇ � � Ct

Cqq̈ � � Ctt � � Cqq̇ � qq̇ � 2Cqtq̇
Mq̈ � CT

q λ � Qe � Qv

whereQe areexternalappliedforces,andQv arevelocity
dependentterms[Shabana,1994]. CT

q λ is the joint constraint
force as shown in [Haug,1992]. The problemcan be solved
for q̈ and λ in linear time [Baraff, 1996]. This differential-
algebraicsystemmaybeintegratedwith theuseof stabilization
techniques[Baumgarte,1972], [Negrut,1997], [Ascher, 1995],
[Potra,1995], [Campbell,1995].

It is desirableto have the massmatrix M and vector Qv

in termsof quaternionacceleration[Omelyan,1998]. Stepsto-
ward the reformulationof the massmatrix andgeneralizedin-
ertial forcesthat dependon velocity in termsof quaternionsby
usingtheangularvelocity relationwith quaternionsmaybede-
rivedfollowing themannerin [Haug,1992].

9 Results
Theconstraintoptimizationtechniqueshavebeendeveloped

within aprototypicalMatlabenvironmentandarebeingincorpo-
ratedinto Utah’sAlpha 1 modelingenvironment[Cohen,1980].
The constraintsfor lower-pair joints have beenimplementedin
a high performanceC++ compiledform. Whenthe operatoris
a part of the assemblyoptimizationthrougha groundedfinger,
usuallysingleiterationhasbeensufficient for theinteractive re-
assembly. An updateof 30kHz is achievedfor small examples,
wuchasthoseshown in Figs.6, 7.

The surfaceconstraintequationshave alsobeendeveloped
underMatlab,andarein theprocessof beingincorporatedinto a
compiledform. Convergenceof a curve-curve contactexample
is shown in Fig. 8. Simplerconstraintequations,includingrev-
olute,spherical,andprismaticjoints have beenimplementedto
testthedynamicssupportframework.

Figure 6. Steps of auto-assembly during optimization for a mechanism

with bendy, 90 degree pieces and 2 ground constraints.

The useof gradientdescentin the assemblyoptimization
requiresmore than 15 iterationswhen links are very far away

as in the beginning of a demonstration. However, only 1 it-
erationper servo cycle is requiredin the usualcasedueto the
fact that so many updatesper secondareobtainedwith the lin-
eartimealgorithmandthattheuser’shandcannotmovevery far
in 10( 5 seconds.This is a performanceadvantagefor haptics
methodsover quadraticallyconverging, cubic cost algorithms
[SDFast,1990],[Garcia,1994],[Shabana,1994], [Nahvi, 1998],
[Lenarcic,1998].

The avoidanceof local minima for largely unassembled
parts is also an advantageas discussedin Section7. “Nice-
looking” solutionsare obtainedin an attemptto meet the as-
semblyconstraintsbecausetheoptimization“forces” propagate
throughoutthemechanism.

Figure 7. Assembly solution for a Stewart platform.

The assemblyoptimizationprocedureappliesto other de-
sign variablesbesideslink positions. Flexible body coordi-
nates,link length,andotherparametershavealsobeenoptimized
in this framework in a mannersimilar to [Ashrafiuon,1990],
[Hansen,1995],[Zou, 1997].

Figure 8. Assembly sequence for curve-curve mechanism

[Erdman, 1993]. Both links are also constrained by two revolute

joints attached to ground, making it a 1 DOF planar mechanism.

10 Conclusion
Theapproachadvocatedin thispaperfor constraintsatisfac-

tion, inversekinematics,and similar assemblyproblemsis the
useof constraintequationsandtheJacobianof constraintequa-
tions. The advantageof this approachis a compactimplemen-
tation, re-useof constraintsfor dynamics,computationexpense
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linear in thenumberof constraints,andmassive parallelismfor
constantasymptoticrunningtime.

Theformulationof surfacerolling constraintsin theframe-
work of constraintJacobiansfor usein assemblyoptimization
andLagrangemultiplier dynamicshasbeenderived. Initial re-
sultsdemonstratedbothfor this formulationhavebeenshown to
haveatractableparameterizationandsmallimplementation.Ad-
ditional researchis neededto testthescalablecharacteristicsof
theapproachon largermechanisms.

11 Appendix: Quaternion Differential Algebra
The computationalcost of memorycachingand multipli-

cationsin the operationsperformedby rotationmatrices,Euler
angles,Rodriguezparameters,and quaternionsare all similar
[Funda,1990]. But the uniquerepresentationof orientationis
bestaccomplishedwith quaternions.

Thequaternionrotationoperatesonavectorby:

q v qA = � q2
0 � q � q � v � 2q0q � v � 2q � q � v�

whereqA � q0 � q denotestheinverseof thequaternion.
The rotation constraint of a unit quaternion is that��� qo � q2

x � q2
y � q2

z ���B� 1. We could eliminateq0 asdependent

with q0 �C� 1 � q2
x � q2

y � q2
z � 1

2 at thispoint,but for bothdynamics
andassemblyconsiderations,the unit lengthconstraintis more
easily introduced in the geometric constraint equation and
Jacobian.This allows us to ignorethe specialcasethat occurs
when the scalarquaternionpart is 0 and to obtain a simple
differentiationoperationwith all four elementsthat avoids the
squareroot introducedabove. This importantoperationusedin
simple joints and morecomplicatedsurfaceconstraintsis now
givenby

∂ % qvq>D'
∂q �FEG qyvz � qzvy qxvx � qyvy � qzvz ��

q0vy � qzvx � qxvz � qxvy � q0vz � qyvx ��
q0vz � qxvy � qyvx q0vy � qzvx � qxvz ��

q0vz � qxvy � qyvx � qzvx � q0vy � qxvz

qxvx � qyvy � qzvz � qzvy � q0vx � qyvz� qyvz � q0vx � qzvy qxvx � qyvy � qzvz
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