DSC-3-4

HAPTIC RENDERING OF SURFACE-TO-SURFACE SCULPTED MODEL
INTERACTION

Donald D. Nelson

David E. Johnson

Elaine Cohen

University of Utah, Computer Science Dept.

50 S Central Cam

pus Dr Rm 3190

Salt Lake City, UT 84112-9205
Email: {dnelson,dejohnso,cohp@cs.utah.edu

ABSTRACT

Previous work in haptics surface tracing for virtual prototyping
and surface design applications has used a point model for vir-
tual finger-surface interaction. We extend this tracing method for
surface-to-surface interactions. A straightforward extension of the
point-surface formulation to surface-surface can yield extraneous,
undesirable solutions, although we rework the formulation to yield
more satisfactory solutions. Additionally, we derive an alterna-
tive novel velocity formulation for use in a surface-surface trac-
ing paradigm that exhibits additional stability beyond the Newton
methods. Both methods require evaluating the surface point and
first and second surface partial derivatives for both surfaces, an
efficient kilohertz rate computation. These methods are integrated
into a three step tracking process that uses a global minimum dis-
tance method, the local Newton formulation, and the new velocity
formulation.
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Figure 1: Well-behaved finger penetration into a surface shown by
the “penetration cylinder”. The velocity method and modified New-

ton method return the maximum distance between the two surfaces

upon penetration.

Figure 2: Virtual proxies are important in the penetrating case.
The maximal distance is required by the haptics tracing algorithm.
Global solution discontinuities such as “chopping though” an ob-
ject are not desirable. Because the velocity formulation (shown) is
the “most local,” it is the method of choice for the penetrating case.

1 INTRODUCTION

User interactions with surfaces with force feedback are an impor-
tant design and visualization tool. Current work has mostly uti-
lized a point position hand model for interaction, but a desirable
extension is to allow more realistic geometry for the hand model.
However, this extension creates some severe geometric computa-
tion challenges, as well much more complicated contact and re-
sponse scenarios.

In this paper, we address one portion of the surface-surface hap-
tic rendering problem, namely, computation of proper penetration
depth between two surfaces. Once the penetration vector has been
obtained, rendering force feedback will be done with established



haptics techniques [Thompson, 1997]. which correctly describes that the line between the closest points

This penetration depth computation will be placed within a is normal to each surface. This system has been solved with a
framework for reliably finding and tracking multiple contact points search over the four-dimensional parameter space [Snyder, 1995],
between models. This framework breaks the haptic rendering prob-with global, high-dimensional resultant methods [Lin, 1994], and
lem into several phases — distant tracking using global minimum Euclidean space bounding methods [Johnson, 1998a].
distance methods, nearby tracking using local Newton methods, Note that in haptic applications, we are often interested in the lo-
and tracking during contact using a reformulated Newton's method cal solution to distance. Using a local solution constrains the force
or a novel velocity formulation. computation to a continuous solution, similar to a “God-object”
[Zilles, 1995] or virtual proxy [Ruspini, 1997] as used in polygo-
nal methods (see Fig.2).

The assumption that the situation upon penetration is local for
Following [Baraff, 1990], the extremal distance may be defined haptics tracing is fortunate because the haptics controller often re-
as the minimum distance between the two models when they arequires the greatest update rates precisely at the impact or penetrat-
disjoint, zero during tangential contact, and the locally maximum ing event. Greater stability is achieved with the high update rates.
penetration depth when they are inter-penetrated. This measure is Local solution methods have been applied to point - surface
related to the minimum translation distance defined by Cameron analogs of Equations 2-5. A first-order solution to the minimum
[Cameron, 1997]. distance is described in [Thompson, 1997] and extended to a New-

When a user touches a virtual surface with his virtual finger ton formulation in [Johnson, 1998b, Stewart, 1997]. For a para-
model, a curvey(t) embedded on the finger surfatand a curve metric surfacef (u, v) and pointP, we can describe the minimum
¢(t) on the embedded on a model surfgcdefine the path of dis-  distance constraint equations as
tance extrema required by the haptics tracing algorithm.

1.1 Distance Extrema

(f(u,v) —=P) - £, =0 (6)
distance extrema = [[£(+(t) —gC@O)| () (£(u,0) — P) £, 0. @)

Our goal is to find the piecewise continuous curyés and((t)
for penetration depth computations in a real-time haptics tracing
environment.

When the finger model is penetrated into the CAD model, the
maximal distance is required for force computations as shown in
Fig.1. When the finger is not penetrating the surface the curves
~ and¢ may be discontinuous since the distance between surface
models is non-differentiable in general. Both surfaces may be mov-
ing. A minimal distance measure between surfaces is useful in this
case for a global monitoring and restarting mechanism.

Offset surfaces have recently been used to extend the point-
surface finger model with a sphere-surface model [Ruspini, 1997,
Thompson, 1999]. A surface that is offset from an original surface
by a constant amount can be traced with the point-surface model.
When the original surface is displayed, the point model is effec-
tively performing sphere-surface tracing. A sphere is still a very
simple finger model; rotating the finger has no effect. We develop
a method in this work that allows more complicated finger models.

3 APPROACH

We have broken the haptic rendering of surface-surface interactions
into three phases. In the first phase, the far phase, a global moni-
toring mechanism returns all portions of a surface within some dis-
tance of some part of the other surface. In the second phase, the
near phase, local Newton methods determine the closest points be-
tween all portions of the surfaces returned from the far phase. The
49 third phase, the penetration phase, uses these closest points to ini-
tiate a velocity formulation that maintains the proper penetration
depth vector between surfaces.

o_Jj—

Figure 3: Curves of distance extrema embedded into the finger sur-3 4

face model and the CAD model. Global Minimum Distance

The global minimum distance mechanism depends on the subdivi-
sion properties of the surface. For NURBS surfaces, the surface
is made up of a patchwork of polynomial pieces. Each polynomial
2 BACKGROUND piece is contained with the convex hull of its defining control points.
These pieces may be refined, such that each piece splits into several
pieces that maintain the original surface shape, yet have additional
control points. These additional control points converge quadrati-
cally to the surface as the refinement is increased.

We can exploit these properties to prune away portions of sur-
faces that are further away than some threshold, refine the remain-
ing portions, and repeat [Johnson, 1998a]. Remaining areas may be
used to find approximate minimum distances to initiate faster, local,
Newton methods.

The robotics community has considerable literature in the area of
finding the minimal distance between a point and model or between
model and model [Quinlan, 1994, Gilbert, 1988, Lin, 1994]. How-
ever, the minimum distance between models is zero during pene-
tration; we desire the penetration depth for haptic force computa-
tions. The minimum distance between parametric surféitesv)
andg(s,t) may be described by the following system of equations

(f(u,v) —g(s,t) - £. =0 )

(F(u,v) — g(s,t)) - £, =0 (3) 3.2 Local Minimum Distance

(F(u,v) —g(s,1) - 8s = (4) The local minimum distance phase uses Newton methods to quickly
(f(u,v) —g(s,t)) - g =0 (5) update the minimum distance between portions of the model. We



use a reformulated extremal distance approach described in the fol-used in [Baraff, 1990] and [Snyder, 1995], however, we have ex-
lowing section for extra stability relative to the standard minimum pressed them in a form more suitable to the demands of haptic rate
distance formulation from the minimum distance formulation of computation.
Equations 2-5. This system of equations may be locally solved through incre-
mental updates af using multi-dimensional Newton’s method,
3.3 Local Penetration Au=JH(—F) 17
We have developed two methods for maintaining the proper pene-
tration depth vector for surface-surface interactions. The first is a
reformulation of the Newton minimum distance method. The sec-
ond is a velocity formulation. The Newton method has the advan- b
tage of being able to find the extremal distance given nearby starting a
locations on the surfaces. The velocity formulation is able to main-
tain the proper extremal distance and shows stability beyond that of
the reformulated Newton method.

whereF is the constraint violation defined by Eqgs. 13-16, dnid
the Jacobian oF.

This formulation may result in extraneous zeros, since there may
e multiple locations where the surfaces’ tangent planes are parallel
nd are at a local distance extrema. However, these undesired roots
are typically at polar opposites of the model and are less common
than for the minimum distance formulation.

3.4 Extremal Distance Representation 3.6 Velocity Extremal Distance Formulation

A different approach in the penetrating case is to take surface
velocity into account. The relation of parametric contact dif-

Sterentials with the relative linear and angular velocity between

the two surfaces can be used to provide incremental tracing up-
dates. In the Appendix, the authors have extended the results of
[Cremer, 1996, Montana, 1986] to arbitrary surface parameteriza-
tions, i.e. the contact velocity relations have been extended to sur-

The followi thod licable t tri ¢ faces whose partials are not everywhere perpendicular, making the
€ foflowing methods are applicablé to any parametric Surtace o a4ions yseful for common models. The parametric contact coor-

representation, including NURBS and subdivision surfaceTs, the dinatesu may be integrated through time using the following rela-
most commonly used representations. et [ u v s t } tion, derived in the Appendix,
designate the closest parametric contact coordinates between any

The minimum distance equations 2-5 are not adequate to properly
describe the extremal distance needed for surface-surface haptic
Along with a root at the extremal distance, a set of roots occurs
along the curve of intersection between the two surfaces, where
(f(u,v) —g(s,t)) goes to zero. The local methods may very easily
“slide” into these solutions. Our reworked formulations avoid the
zero distance roots.

two parametric surfacefi{u, v) andg(s, t). f andg denote surface . Vo
evaluations, or mappings from parametric space to Cartesian space. u=A Wy (18)
35 Newton Extremal Distance Formulation where[v",w”]" are the relative linear and angular velocity be-

tween the surfaces relative to the framg = gu./||gu||, 24 =

The extremal distance between parametric surfd¢esv) and gu X 8v/|lgu X 8|, andy, = z4 X x4 located at the contact
g(s, t) may be described by the following equation: pointg(u) (Fig.6), and
E(u,v,s,t) = (f(uvv) 7g(87t)) "N (8) 1
. . . Re(Ef —gF/ ) —E¢
whereN is the surface normal df at (u, v). We wish to find the A= R Ff)_w Fo 19)
extrema ofE, which may be found at simultaneous zeros of its T N
. : -
partials. The partials are B — [[ x; i ] fui| (20)
T
£, - N+ (£(u,0) — g(s,1)) - Ny, = 0 © Bl = [ Ty } (21)
£, - N+ (F(u,v) — g(s,)) N, =0 (10) VIt
—g,-N=0 (11) R, — co;@ —sinf 22)
g N =0 (12) —sinf  —cosf
—g, N =0.

wheref represents the angle between parametric gxesdf,,,
3 is the distance between contacks; = f./||f.]|, z = fu x
£ /||fu x o], andy s = z; x xy. E9, F9 are defined in a similar
manner.

The authors have also developed the relation in terms of world
frame quaternion velocity body coordinates in the Appendix, which
may be more convenient for use in haptics.

Noting that the normalN is orthogonal to the tangent plane
formed by the partial§,, andf,, we may remove thé¢, - N and
f, - N terms. Additionally, the partials dX lie in the tangent plane
of f. The equivalent constraint may be formulated by replacing
these partials with the partials £f These substitutions form a sim-
plified set of equations.

N.g,=0 (13) 3.7 Comparing the Methods

N-g =0 (14) The advantage to using Newton'’s iterative method is that it con-
(f-g) fu=0 (15) verges to a solution given a close initial guess. We are required to
(f-g)-f, =0. (16) use the Newton method during the non-penetrating case so that we

obtain an exact starting point for the velocity method.
The first two equations constrain the solution to collinear nor-  The advantage to the velocity space method is that it is an ex-
mals and the second two maintain collinearity of the closest points act relation at that instant in time; it is not an iterative numerical
with the surface normals. This set of equations is analogous to thosemethod. The integration afi provides a highly accurate, strictly



continuous tracing update. It is very well conditioned and does not
suffer from the optimization problems of Newton’s method. How-
ever, it does not converge to the true minimal distance given only
an approximate starting point. It is a good algorithm for generating
virtual proxy information because it is a strictly local distance up- -
date; the curves(¢) and((t) are continuous, where they may be
discontinuous in small intervals with the Newton method. -
The authors have found that haptics surface tracing should be as
minimally confusing as possible. When given a choice of switch-
ing to a non-local point, which would cause discontinuous force
feedback, it has been our experience that the more local choice is
desirable. This choice is enforced by the continuous updates pro-
vided by the velocity method.

4 ALGORITHM & IMPLEMENTATION

In sum, we have the following algorithm for the non-penetrating
and penetrating case:

e Far: Global distance refinement, obtain approximate
o Near : Newton iteration, obtain exaat

e Very Near and Penetrating : Velocity formulation, using exact
u

During tracking (the outside, non-penetration case), we use a
global “monitoring” mechanism. Newton iteration and the velocity
method are run concurrently during this case. kilohertz rate updates
are not critical since the haptics control is returning no force during
non-penetration.

Once the Newton or velocity methods detect a penetration, the gjqre 4: Combined global monitoring and local parametric tracing

monitoring and Newton tracking are turned off. Itis assumed that gnape surface-surface contact analysis at kilohertz rates for haptics
non-local jumps are not possible because a haptics device can holgiqtrql.

a user to within .3 mm of the surface. Global jumps are also not
desirable because of the need for virtual proxies for the finger model
(see Fig.2).

Due to the use of extremal points in tracking and tracing para-
metric surfaces, the existing NURBS trimming implementation
[Thompson, 1999] may still be used. This model is an approxima-
tion for effects such as falling off or transitioning between edges,
because the “middle” of the finger is considered to be completely
off as soon as the extremal point is off. A full model for tracing . . ;
edges is considerably more costly in terms of computation and is aJuSt notlcgablt_a error t_hat a usermay perceive. .
subject of future work. However, the important perception of falling __Numerical integration of the results from the velocity formula-
off edges that is remarkably well rendered with haptic devices is not tion may be done with the simple Euler’s method for short intervals
significantly diminished with this approximate model. of time in a haptics environment due to the very small step sizes

between servo loop cycles. For other applications that use larger

timesteps, as occurs in our simulation debugging code, we have
5 RESULTS used standard fourth order numerical integration techniques. A very

long tracing sequence, on the orderl6f seconds for typical user
Our approach is efficient because two surface evaluations for for motions, can be performed in practice with this integration tech-
the contact points and surface partial derivatives at the points arenique without accumulating noticeable errors. Periodic “restarts”
required for the velocity and Newton formulations. Timing results due to user transition to the non-penetrating condition and subse-
[Johnson, 1998b] have shown that the point and partial evaluationsquent tracking by Newton's method occur quite often. Even higher
are only slightly slower than evaluating only the point. Running order integration methods can be employed if some unusual cir-
times on an SGI R10000 Onyx 2 for two surface evaluations in- cumstance or application requires it without excessive cost due to
side Alphal are about .07 milliseconds. Other operations includ- the efficiency of our tracking techniques.
ing the inverse of thd x 4 matrix and other restacking required The reliability of these distance methods depends partially on
in the velocity and Newton formulation are not insignificant, but the underlying stability of the numerical methods. Singular re-
run in .01 milliseconds (that is, the cost of the methods excluding gions in the case of point-to-surface computations were derived
the surface evaluations). Thus, a single processor system can easn [Johnson, 1998b]; we expect similar conditions for the surface-
ily perform control and surface-surface analysis at several kilohertz to-surface extremal distance computations. During nearly singular
update rates. concave cases, as in Fig.5, the condition numbers during the first

Figure 4 shows the concurrent global monitoring and local New- iteration of Newton’s method is roughly 3 or 4, where it has usu-

ton and velocity parametric tracing to enable surface-surface con-ally been between 1 and 2 in other configurations. The velocity
tact analysis at kilohertz rates for haptics control. method maintains a condition number of roughly 1 or 1.2 for the

We have avoided the introduction of unstable artifacts from a
purely iterative numerical method at the time of impact that would
be felt by the user. The generally accepted noticeable level of vi-
bration are on the order of less than a micron at various frequencies
from 1 Hz to 1kHz [NRC, 1995]. The artifacts caused by the nu-
merical methods may be many orders of magnitude greater than the
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7 APPENDIX: Surface Contact Velocity
Formulation

A number of different derivations of the kinematics of contact
have been developed in the last 15 years. These formulations re-
late the rate of change of the parametric contact coordinates to
the Cartesian velocity and angular velocity of the bodies in con-
tact. Previous works have been limited to surfaces parameterized
have orthogonal surface partial derivatives. Some are also limited
the in-contact case[Montana, 1986, Montana, 1988, Murray, 1990,
Cai, 1987]. While any surface may be reparameterized to be or-
thogonal, it may be expensive and impractical to find such a pa-
rameterization. The finger may bend in our interacitve application.
Finding the reparameterization with full numerical precision is also
a problem[Maekawa, 1996]. We develop a new derivation for the
not-in-contact, non-orthogonal surface parameterizations.

When both surfaces have partials that are everywhere orthogo-
nal,i.e.f,-f, = 0 andg,-g: = 0, Vuin the parameteric domain, an
original result from [Montana, 1986], extended by [Cremer, 1996]
for the not in contact case, derives the surface kinematics as

iy =1f—1R9(Hg+ﬁf+;311gﬁf)—1([ o ]+11g[ o ])
T y

i :Ig‘1<11g+ﬁf+ﬁﬁf11g>‘1<<1+ﬁﬁf>[ ! } —ﬁf[ })

whereg is the (signed) distance between contattss the2 x
2 identity matrix, the relative linear and angular surface velocities
Figure 5: The reformulated Newton local distance method (top) of surfaceg relative to surfacd be denoted by, w, the surface

may have problems with concave cases that the velocity (bottom) contact velocities be’,w’ andv?, w?, Tis the first fundamental

does not have. form andII is the surface curvature or second fundamental form,
with subscripts for surfacefsandg. 6 represents the angle between
parametric axeg, andf,, letr, = | ¢ 5% | andfr —

cases tried so far, for nearly singular and other cases. Because con-

dition numbers less than 100 are considered to be small, the lossto

of precision upon matrix inverse operations is shown to be small

with both methods. Upon absolute singular configurations, both u=A { Va,y } . (23)

methods have singular matrices. However, Newton's method has Wa,y

additional convergence requirements [McCalla, 1967] that can pro-

duce additional instability in concave regions, even when the con- 7.1 Non-Orthogonal Parameterizations

dition number is very small. The velocity method does not exhibit

these instabilities. We are investigating more sophisticated numer- We provide a new derivation foA for regular parametric surfaces

ical methods to improve the reliability of the Newton method ap- Whose partials are not orthogonal so the result in Eqn. 23 can be
proach. used for typical models constructed by CAD systems.

The parametric contact frames in Fig. 6 for the extremal dis-
tance context are defined with an orthonormal set of vecRjs=
6 CONCLUSION [xy ys zy]isthe rotation matrix from the local contact frame to
the world frame, whera; = f./||fu||, zy = fu X £ /[|fu X £u]],
The tracing update formulations presented here provide improvedys = zs x X;. Ry is similarly definedz; andz, are parallel free
surface tracing interactions. A fast, compact method for surface- vectors (Fig. 6).
surface updates for the nearly penetrating and penetrating case have Comparison of the relative surface velocitiean be used to re-
_been developed ar_1d anal_yzed. The _VeIOC'ty formulation has been 1A subscript with x or y such as, will denote the first component of
introduced for use in haptics penetration. the vector. Several subscripts, suchaas; , will represent a two-vector
containing the negative of the first component and the second component
of a. A superscriptT” as ina” will denote a vector or matrix transpose.

—sinf  —cosb
IIR,. The relation may be written in the following matrix form,

ACKNOWLEDGMENT Partitions of matrices may be selected with (row,column) indexing, with
_ o “a:b” for a range or *” for all rows or columns, as in thelatlab™™
Thanks go to the students and staff of tipha. 1 project, within notation. The operatermtract_skew_symmetric retrieves 3 independent

which this work was developed. Support for this research was pro- components from 9 elements of a skew symmetric matrix.



iEg_xy=inv(Eg_xy);
RphiFf_xy=Rphi*Ff_xy;
dRphiFf_xy=d*RphiFf_xy;
Fg_xyiEg_xy=Fg_xy*iEg_xy;
RphiEf_xy=Rphi*Ef_xy;

H=Fg_xyiEg_xy*(RphiEf_xy+dRphiFf_xy)-
RphiFf_xy;

iH=inv(H);

J=iH*[Fg_xyiEg_xy -eye(2)];

A=[J; iEg_xy*(RphiEf_xy*J+
dRphiFf_xy*J-[eye(2) zeros(2)])];

Proof: From Egs.24,26, we may write

u, = EJ, ' [RyE] i + BF. a; —v]. (30)

. . . . Substituting into Eq.25, we have
Figure 6: Closest point surface contact frames. Velocity relations 9 q

allow the contact coordinate velocities to be found. FgEzyyfl[RoEiyyuf_‘_/BFf W —v]+w = _ReFfﬁf. 31)

—Y,z
) . ) ) Gatheringua,
late the parametric contact coordinaies anduy with the linear
and angular surface velocities. Let the surface velocitieandv? FE!,'[RoE], + BF/,  +ReF/Ju; =F/EJ, " 'v —w.
and relative surface velocity be in the frame[ Xg Yg Zg ] (32)
In the extremal distance context (see Fig. 6), we have Expressing this equation as a linear system, we have
Viy+Vay = R9V£,y + ﬁR@w{:,_x, (24) Huy = FgEg,y_lv — W, (33)
Wt wy .= ngw;:’_I. (25) for which we can solve for the contact coordinates for surface
The termsv’ andv? will contain u; and, in the following uy = H '[FES, 7" — 1.9] [ : } ; (34)
equations through due to the chain rule of differentiation. We derive

matricesE/ , andFZ , for surfacef (and analogously for surface

g) from the relations of linear and angular velocity to sepatgte For convenience, let us represent

andu, from other terms, Joza=H ' [ FYEJ, ' — 12, | sothat
. A%
; T ) . uy=J [ ] , (35)
vg,y = R?xﬂyfz,y = [[ Xf yf ] fuL 2uf = Ei,yuf7 w
X
(26) Now substituting this solution back into Eq.30,
! _ . Ty
= extract_skew- tric(R; TR )y o -
wy _, = extract_skew _symmetric(R;" Ry)y, u, =EJ I[RgEi,yJ [ Z } +ﬂF£y7IJ { : } —v]. (36)
T
= | Mar | g =F] Ly 27)
i Zu oy ,

—E, '[ReEL,J+BF I —[loss Oso]]| ¥ | (37
Using Eqns. 24,25,26,27, the general non-orthogonal case is re- v [RoE, v L2z Oz w 37

duced to thel x 4 system,

Finally, letting
J, =EJ, '[RoE] ,J+BF’ J—[laz2 02.2]], we may write
{ Re(Ei,y ;ﬁF{y’z) fEi,y } [ uy ] . [ Va,y ]
—RoF, )z, -Fg Ug Way | . J v
( i)z v 28) u_[Jwa]. (38)
This system can be solved quickly far using the following
pseudocode fragment for arbitrary surface parameterizations. We _ T3 )
rewrite the inverse of thé x 4 coefficient matrix in Eq. 28, The matrixA from Eq.29 IS{ 1, } , completing the proof. The

P 1 solution is roughly as efficient as previous methods since the in-
A_| Re (Ef,—-BFL, ) -E%, (29) verse of two2 x 2 matrices and nine matrix multiplications, rather
—(RgF;ﬂ)m -F7, than four2 x 2 matrix inversions and six matrix multiplications, is
required (see pseudocode fragment). The optimized matrix inverse
to be solved even more efficiently as a serie of 2 matrix and multiplication implementation is a constant cost and is a small
inverses and multiplications, fraction of the cost associated with a surface evaluation.



7.2 Cartesian and Quaternion Generalized Veloci-

ties
Now we express the relative surface velocities in terms of world
frame body coordinate velocities so that integration of orientation

is possible (integration of angular velocity is meaningless). Define
the local contact frame through the rotation matrix

Rloc = [ Xg Yg Zyg ]T (39)

Let Gy = G(qy,rot), Gg = G(qg,rot), WhereG(qro) is the
matrix operator mapping quaternion velocities to angular velocities
[Haug, 1992, Shabana, 1998], given by

—(Qroto Qdrotq Qroty —(rotg

G(qrot) =2 7Q7‘0t3 7q'rot4 q'rotl qTOtQ . (40)
—(Qroty Qrots —({roto Qrotq

The velocity[v”w”]" is the motion of surface relative to sur-

face f. We write our world space velocities in terms of the local
frame. We relate relative angular velocity and world frame quater-
nion velocity by

qf,rot
qg,rot

w = Rloc [ _Tfo TQGQ } |: :| 5 (41)

and relative linear velocity to Cartesian velocity through

v = Rioe(dgir — dpir + (W) —wd') x (g(u) — qq1r)). (42)

x denotes the vector cross productl'y and T, are rota-
tions from the local frame to the world frame defined by quater-
nions qy,-o: andqgy,~.:. We write the relative surface velocities

vT,wT" as
|: v :| — |: Rloc 7Rloc(g(u) 7qg,tr)>< :| *
w 0 loc
—I3.3 0324 I3.3 0324 qr 43)
03.3 —2T;Gy 03,3 2T,Gy dg

wherex in Eq. 43 denotes th&gr3 skew symmetric matrix that

performs the operation of a cross product (obtained from the three

—a,
az 0

ay
—ay

components of a vector, i.eax :[ }). From

—ay ax

Eq. 38, the truncated paj¢?, ,,wi,|” is all that is required. Let
B contain the first two rows and rows four and five of Eq. 43. Sub-
stituting[vZ ,,,w? ] into Eqg. 38, yields

ﬁ:AB[qf] (44)

g

7.3 Non-Orthogonal Surface-Curve Velocity For-
mulation

Similarly, it may be shown that the surface-curve extremal distance
equations may be extended to for arbitrary surface parameteriza-

tions.

The time derivative of the parametric contact coordinates for sur-
facef and curvgy may be written as a function of linear and angular
velocity multiplying a matrix operator,

-1
:|3a:3 |:

Ry (Ef + dFI )
7R9F£,y

T8ug,y

U3zl = .
v fkgsm(gzﬁ)gux,y

where

_ llgu X guul|

k
! lgull?

(46)

and¢ is the angle between the curve normal (which-is’ for
the extremal distance case) and the curve binodmahbout the
curve X axisg,. The binormal is

_ 8Bu X Buu

= =——="_ 47)
[lgu X Suul|

Eq. 43 is again used to establish this relation in terms of quater-
nion and Cartesian velocities, using rows 1,2, and 5.
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