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ABSTRACT

Haptic rendering should not be limited to immobile
polygonal models. This paper presents a system that per-
forms Direct Parametric Tracing (DPT) on maneuverable
Non-Uniform Rational B-Splines (NURBS) models without
the use of an intermediate representation. The system dis-
tributes computation between an advanced CAD modeling
system and a microprocessor controller for a Sarcos force-
reecting exo-skeleton arm. Methods ranging from model
manipulation to simulation of the dynamics of simple as-
semblies are discussed. Solutions to synchronicity issues
that arise in such a distributed system are also described.

1 INTRODUCTION

Current CAD systems o�er an array of visual infor-
mation to aid the designer. Isoline drawings, shaded im-
ages and even animations help the designer by providing
more information than simple 2D drawings can convey. As
CAD models grow more complex, increasingly sophisticated
methods are needed to convey the meaning of a design. In
fact, with increased model complexity, the relationships be-
tween a model's parts often become more important than
just the part shape. For this reason, touching and trac-
ing a static model can only add so much to the modeling
experience. If the model is an assembled linkage, the de-
signer should be able to put the assembly into motion in
order to interactively test its function. In conjunction with
visual feedback, haptic rendering and dynamic simulation
can, by creating a new channel of feedback, increase the un-
derstanding of complex models and add a sense of realism
to interactive systems (Hollerbach et al., 1996).

In this paper, we introduce direct haptic rendering of
maneuverable sculptured models (Fig. 1a) by extending the
direct haptic rendering techniques developed in (Thompson
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Figure 1. (a) A dynamic pendulum within a haptic virtual environment. (b)

The Sarcos Dextrous Arm Master.

et al., 1997). Furthermore, we have made improvements
in smooth transitioning between surfaces and wall model
computations, and we are developing a dynamics package.
A few dynamic test cases have been constructed to demon-
strate the movement of models and to allow this move-
ment to be physically based. These algorithms are tested
on a complete system (Fig. 1b) that integrates Alpha 1,
a research modeling package (Riesenfeld, 1993; Riesenfeld,
1989), with a Sarcos Dextrous Arm Master (Jacobsen et al.,
1990).

2 BACKGROUND

The goal of a haptic rendering system is to generate
forces that can be applied to a user's hand or arm that will
accurately produce a sense of contact with a virtual model.
These forces, called restoring forces, prevent penetration
into the virtual model and are calculated using a wall model.



Two basic response models can be used: compliance and
sti�ness.

The compliance model (Yoshikawa, et. al, 1995) ap-
proach takes force measurements and uses a control strategy
to render acceleration or another form of motion to the user
and the virtual object. In the sti�ness model approach, po-
sition is measured and force is displayed. Wall models based
on the sti�ness model often have a restoring force propor-
tional (Colgate, 1994) to the penetration depth and in the
direction of the surface normal. The sti�ness model is the
prevalent one for for haptic rendering.

Several types of objects have been haptically rendered.
Polygonal models were traced by using techniques illus-
trated in (Salisbury et al., 1995; Zilles and Salisbury, 1995).
Their method uses a system of constraints to track a point
on the polyhedrons surface and calculates penetration depth
and surface normal from the tracked surface point. They
recommend interpolating the surface normals (much like
Phong shading in graphics) as a method to portray sculp-
tured models. These systems are often limited to simple
models since complex models require a very large number
of polygons.

Others (Adachi et al., 1995; Mark et al., 1996) rec-
ommend the use of intermediate representations to aid in
haptic rendering of complex shapes. These system hapti-
cally render the model by using relatively slowly changing
planar approximations to the virtual model. This method
allows more complex models to be rendered but is limited
when trying to approximate surfaces with high curvature.

Free-form surfaces have been traced using distribution
functions (Adachi, 1993) which allows for quality tracing
of smooth surfaces. Constructing models using distribution
functions is di�cult and it is often necessary to use complex
numerically unstable high order functions.

Parametric surfaces have become the surface represen-
tation of choice in CAD/CAM. Parametric surfaces such as
NURBS have the advantage of a compact representation,
higher order continuity, and exact computation of surface
normals which are all useful in complex, realistic virtual
environments (Snyder, 1995). Direct haptic rendering of
NURBS models was demonstrated using Direct Parametric
Tracing (Thompson et al., 1997). Using this method, de-
signers can touch and trace a CAD/CAM model at interac-
tive rates without the use of an intermediate representation.

While previous papers discuss haptically rendering var-
ious types of models, they do not discuss the issues involved
in allowing the virtual models to move within the environ-
ment. The method must allow the models to be traced at
interactive rates while at the same time maintain consis-
tency between the visual and haptic versions of the model.
In addition, problems regarding network latency and display
rates must be solved for virtual environments with movable

models to be realized.

3 SYSTEM OVERVIEW

Several constraints inuence the design of a haptics sys-
tem (Hollerbach et al., 1997). Among the requirements for a
design environment that includes haptics are an interactive
visual display, low latency haptic processes, real-time com-
putation, and careful memory usage. While rates of twenty
frames per second are often considered acceptable in VR
systems, cycle rates of several hundred Hz are necessary for
a haptics system to maintain sti� virtual surfaces (Minsky
et al., 1990).
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Figure 2. The system is divided into three portions: operator, micros, and

workstation.

Our system is distributed to allow the haptics controller
to run on low-latency, real-time microcomputer boards,
while the graphics workstation generates the visual display
and contains the modeling environment (Fig. 2). We refer
to the computation on the workstation, typically global in
scope, as the simulation process, and the computation on
the micros, typically local, as the haptic process.

We have developed a distributed computation model to
maintain model consistency and control the movement of
data between the simulation and haptic processes. Global
computations occur in the simulation process. When the
simulation process detects the potential for an interesting
event in the near future, such as contact with a surface, it
signals the haptic process, which continues the computa-
tion with low latency, local methods. Data caching within
the haptic process reduces communication overhead. The
haptic process has priority over the simulation process in



maintaining model integrity, since �nal determination of
such state changing events as surface contact occur there.
Periodic updates of the simulation process keep the data
consistent.

We use three communication channels for the various
forms of communication in our system (Fig. 2). UDP is
used to transmit the current arm position to the simulation
process. An unguaranteed protocol can be used since the
data is sent continuously and only the most recent position
is required. TCP, however, is used when the data must be
guaranteed to arrive. Therefore, TCP is used to transmit
surfaces and activation records to the haptic process as well
as to send transformation matrices to update the models
within the simulation process.

4 SIMULATION PROCESS

The simulation process runs within the Alpha 1 CAD
modeling environment and has three main tasks in addi-
tion to serving as the design environment: graphical display,
managing models, and surface proximity testing.

4.1 Model Manager

The distributed nature of our system forces us to store
models on both sides of the system; therefore, it is impor-
tant that these models be kept consistent or the visual dis-
play and the haptic display will not correspond.

As a model is loaded into the environment a copy is
sent to the haptic process. The position of these models is
determined by a transformation matrix (xform) from model
space to world space. Both processes initialize the xform to
be equal to the identity matrix.

The state of an individual surface within the haptic
process is controlled by the simulation model manager. If
the end-e�ector is close enough to a surface to potentially
touch it, then it is deemed proximal. Once this determina-
tion occurs, a small activation record consisting of a starting
parametric value for DPT and the surface's id is sent to the
haptic process. A surface stays active in the haptic process
until it is no longer deemed proximal. At that time a de-
activation record consisting of the surface id is sent to the
haptic process and tracking of that surface is discontinued.

4.2 Surface Proximity Testing

Since the computational power of the haptic process is
limited, we control the number of surfaces being tracked at
any time. Taking into account network latency, the speed
at which the user can move the arm, and the servo rate
of DPT, we have determined that a distance of 10cm is
su�cient to be considered proximal. A 5cm bu�er prevents
thrashing between active and inactive determination.

Every surface in the simulation process is checked for
proximity. A majority of surfaces are eliminated by a quick
bounding box check, with remaining surfaces checked using
an algorithm based on a time-critical method that spends
less time on objects outside the region of interest (Johnson
and Cohen, 1997). Using this approach, we minimize the
time spent performing global closest point calculations.

4.3 Graphical Display

An important part of any design system is the graphical
display. To increase the level of immersion, a virtual hand
that mirrors the movement of the user's hand is displayed
(Fig. 3). The virtual hand illustrates the same degrees of
freedom present in the Sarcos hand by displaying the fore-
arm, palm, thumb and �nger. Actual joint coordinates are
used to determine the virtual hands position and orienta-
tion within the display. This data is received from the hap-
tic process as a continuous stream of UDP packets. Only
the most recent data is used to minimize lag.

Figure 3. Goblet being traced by virtual hand.

The models are located within the display by their asso-
ciated xform, with the xform value controlled by the model
manager within the haptic process. As updates to a model's
xform are received the display is updated to maintain con-
sistency between where a user feels an object and where it
appears. The combination of the low lag virtual arm and
the synchronized visual and haptic display of the models
creates a realistic virtual environment.

5 HAPTIC PROCESS

The haptic process runs on a hybrid PowerPC 604 and
Motorola 68040 VME system and is a real-time process.
The 68040 processor runs the low level torque control servo
loop at 1500Hz and does gravity compensation. In paral-
lel, the 604 processor does surface tracing, dynamics and



force response calculations at 1500Hz. Networking is also
performed on the 604 but at a reduced rate of 50Hz. Only
those computations that must be performed for each cycle
of the force loop are done in the haptic process.

5.1 Model Manager

The haptic process model manager is responsible for
the cache of models. Each model within the haptic process
has an associated xform and a list of active and inactive
surfaces. Only those surfaces spatially local to the end-
e�ector need be tracked and are designated as active.

Also, this model manager is responsible for supplying
surfaces and xforms to the surface tracer. If tracing results
in the dynamics package indicating that a model has been
moved, then the xform must be updated within the cache.
The updated xform is packed into a small packet and sent to
the simulation model manager via TCP so that the models
remain consistent.

5.2 Surface Tracing

Each active surface is a candidate for contact by the
user. For this reason, a local closest point is tracked on
each of the active surfaces using DPT. We then apply a
mapping to the end-e�ector to permit the surfaces to move.
The collection of local closest points aids in the speed and
smoothness of the transitioning algorithm.

5.2.1 Tracking Phase. We use the tracking algo-
rithm presented in (Thompson et al., 1997). The algorithm
has been shown to run at interactive rates and thus is suit-
able for direct haptic rendering. This method is initial-
ized by the parametric value given as part of the activation
record.

We present the DPT method on a NURBS curve, (u),
of order k, de�ned by the control polygon fPig and the knot
vector fuig. The method uses the previous point on the
curve (u), the tangent vector at (u), 0(u), and the new
end-e�ector location, E, to determine a new approximate
closest point on the curve (Fig. 4).

The parametric velocity of the curve, 0(u), relates
changes in position along the curve in Euclidean space to
changes in position in parametric space (Eq. 1).

0(u) =
d

du
�

�

�u
: (1)

An approximation for � is the projection of the vector,
 , onto the curve tangent at (u) (Fig. 4a). The curve
parametric velocity over the range of movement is found
using a �rst order approximation, the value 0(u).

(a) (b)

Figure 4. (a) Projection of position onto surface tangent plane. (b) New

surface point and tangent plane found via parametric projection.

The evaluation point (u�), is calculated by re�nement
(Cohen, 1980). This results in a new knot vector fûg and a
new control polygon fP̂g where P̂i� = (u�). The proper-
ties of the re�ned curve result in a greatly simpli�ed form
for 0(u) (Eq. 2).

0(u�) =
(k � 1)

ûi�+k � ûi�+1

(P̂i�+1 � P̂i�): (2)

We can use this information to show that �u can be
calculated e�ciently by using only the values of the control
polygon, the curve knot vector, and the curve order.

�u �
h  ; (P̂i�+1 � P̂i�) i

kP̂i�+1 � P̂i�k2

�
ûi�+k � ûi�+1

k � 1

�
: (3)

This method is essentially the same for surfaces. The
projection step requires projection onto the tangent plane
of the surface and barycentric coordinates are used to derive
�u and �v.

5.2.2 Moving Surfaces. The DPT method is de-
signed for end-e�ector movement and static surfaces. In
our system both the end-e�ector and the surface can be
moving. Basically, three approaches can solve this problem.
First, the models can be physically transformed as they are
moved. There are several drawbacks to this approach. In-
crementally transforming objects has been shown to induce
numerical errors over time. In addition, the transform cal-
culations are all done when the processing power of the
micros is most needed|when the dynamics and tracing are
both being calculated.

The other approaches involve storing a transformation
matrix for each model. The second approach is to use a
xform to transform the active surfaces of each model and



perform DPT on them as usual. This approach has a similar
drawback as the �rst method, since all active surfaces must
be transformed in order for the tracking to succeed. In fact,
transformations must be calculated even when the user is
not in contact with a model so that the tracking can still be
successful. Fewer surfaces are being transformed, but they
may be transformed more often.

We have adopted the third approach which involves us-
ing DPT on the original (non-transformed) surface with an
end-e�ector position that has been transformed into model
space (Fig. 5).

xform

inverse xform

(A)

(B)

Figure 5. Surface movement transformed into end-e�ector movement. (A)

Surface and end-e�ector movement. (B) End-e�ector movement with inverse

xform component.

For each model with active surfaces, we transform the
end-e�ector through the inverse of the model's xform. The
result is to transform the movement of the model into a
component of the movement of the end-e�ector. The re-
sulting closest point and normal are then transformed from
model space into world space.

One obvious advantage to this approach is e�ciency.
If we assume there are n models with active surfaces and
a total of m active surfaces then there will be n + m � 2
points transformed. Like the second method, these trans-
formations must be computed for each cycle through DPT.
However, since the number of surfaces in a model usually
is far less than the number of control points in all of the
surfaces, this approach is more e�cient than either of the
other two approaches.

5.2.3 Contact and Tracing. Contact is initiated
when the penetration depth of the closest active surface
becomes larger than zero, with penetration being calcu-
lated by projecting the end-e�ector onto the surface normal.
Once contact has been established, this surface is considered
current and surface tracing begins. The surface remains cur-
rent until the end-e�ector either transitions o� the model

or onto an adjacent surface.

5.2.4 Transitions. We use topological adjacency in-
formation contained in a solid model for surface transition-
ing. This information is most often available in CADmodels
and both simpli�es and accelerates the transitioning prob-
lem. This is also a necessary �rst step to allowing transitions
across models composed of trimmed NURBS surfaces.

Our method makes use of adjacency information pro-
vided by the Alpha 1 modeling package. All of the closest
points are tracked using the end-e�ector position. When
the current surface's tracked point hits an edge, the adja-
cency table is queried to �nd the neighboring surface. If the
closest point on the adjacent surface is not on an edge, then
this surface is made current and tracing continues. Conver-
sly, if the pair of closest points are both on the edge, special
care must still be taken to determine if the user remains in
contact with the model.

5.3 Physically Based Haptics

Modeling the physically based motion of models and
assemblies adds to the realism of the virtual design envi-
ronment. Models within the Alpha 1 modeling environment
can have attributes attached that indicate model properties
such as inertia tensor, mass, and center of mass. In addi-
tion to these attributes, assembly information can also be
provided to facilitate dynamic simulation.

5.3.1 Surface Interactions.

We are researching both forms of the response model. For
the compliance model, a mapping of the Sarcos Arm torque
sensors to force is used to calculate the force inputs. Once
contact has been established with a virtual model by DPT,
a control strategy renders the resulting acceleration to the
user as well as the virtual object.

Our current system uses the sti�ness model. A non-
linear surface response model (Marhefka and Orin, 1996)
has been adopted to provide a physically-accurate model of
probe-surface collision (Eq. 4). This model is given by the
equation

Fresp = �kxn � �xn _x; (4)

where x is the penetration depth, _x is the velocity of the
end-e�ector, k is the spring coe�cient, and � is the damping
coe�cient. Notice that penetration depth is present in the
second term of Eq. (4), which requires that force starts from
zero during initial impact regardless of the velocity. We
have found experimentally that n = 1

2
is a sharp and stable

value for the Sarcos Arm.



We are attempting to increase the stability of our arm
during tracing to achieve smaller penetration depth. Nu-
merically deriving velocity, _x, must be done carefully to
avoid noisy chattering along the surface. A formulation that
approximates velocity as good, on average, as the Kalman
�lter is

_x =
1

nT
(xi � xi�n); (5)

where T is the sampling period and n is the historical sam-
pling o�set (Spong and Jaritz, 1996).

For our experiments, the value of n depended on sam-
pling rate and noise attenuation. Experimentally, a value
of n = 15 at 1500Hz sampling rate was found to be su�-
cient and nearly delay-free. As a basis for comparison, the
Chebychev and Butterworth �lters, when used in conjunc-
tion with �nite di�erence operations, result in a delay of
three times that of Eq. (5). The calculation of acceleration
requires a second pass over the �lters which makes the delay
even more apparent.

Equation (5) not only compares favorably to the low
pass �lters above, but also to ideal di�erentiators. An ap-
propriate discrete-time approximation for the frequency re-
sponse of an ideal di�erentiator isHd(e

j!) = j!e�j!=2: The
corresponding impulse response is

hd(n) =
(�1)n

�(n� 1=2)2
; (6)

as described in (Jackson, 1996). The plot of this frequency
response closely follows the continuous-time ideal di�eren-
tiator. However, discrete ideal di�erentiators have a delay
similar to the Chebychev or Butterworth approaches and
are typically noise-sensitive.

In order to properly transmit forces to the appropriate
actuators, we have formulated the wrench for the arm upon
impact. The following equations allow the use of a tool
frame for the �nger without changing the Jacobian.

W =

�
f1

r1 � f1

�
; (7)

J =

�
z0 � b0 : : : z4 � b4 0 0 0
z0 : : : z4 z5 z6 z7

�
; (8)

� = JTW; (9)

where W is the wrench at the wrist, f1 is the force at the
�nger tip, r1 is the moment arm of the �nger on the wrist,

zi is the axis of rotation for joint i, bi is a vector from the
origin of joint i to the wrist, � is the torque vector, and J
is the Jacobian.

5.3.2 Movable Model Interactions. We have devel-
oped test cases to rigorously test our moving surface and
tracing dynamics. These tests cases are as follows:

� Rigid Model. The operator moves and/or rotates a
model by pressing against its surface. The force re-
turned from the wall model calculation and the mod-
els mass are used to calculate an acceleration for the
model. The object motion is derived from numerical
integration of this acceleration.

� Push Button with Detent. Upon contacting the push
button, the operator feels the surface response in Fig. 6.
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Figure 6. Force response model of a push button with detent.

Because the force response of the push button is due to
surface penetration and the detent response model, we
use a double spring to describe this interaction. The
mass of the push button is assumed to be small. Let-
ting the constants k1 and k2 be the spring coe�cients of
the surface penetration model and detent model respec-
tively Eq. (10) solves for the force response and Eq. (11)
solves for the position of the push button.

F =
k1k2
k1 + k2

xtravel; (10)

x1k1 = x2k2 = F; (11)

where xtravel is a measured o�set from the push button
original position, x1 is the penetration into the push
button, and x2 is the movement of the push button.

� Pendulum. An oscillating pendulum provides an excel-
lent test case for a model that has constrained physi-
cally based movement. The angular acceleration �� =
�mass � gravity � length � sin(�)=Inertia due to grav-
ity is integrated to give angular velocity and position.
The non-linear response model is used to generate user



forces that are applied to the pendulum. Impulse forces
during impact with the moving pendulum are assumed
to be small and are ignored.

6 RESULTS

One measure of the quality of a haptic rendering is
the amount of penetration depth into the model. However,
having a small average penetration depth is not su�cient
to demonstrate a smooth tracing experience. Penetration
depth must also be shown to be consistently near the mean.

To demonstrate the smoothness and consistency of our
tracing algorithm we performed two tests on �ve di�erent
models (Table 1). The models were given a mass of 40Kg
and �lled much of the usable workspace, about 1m3 for the
Sarcos arm. The exception to this is the push button which
was assumed to have a very low mass.

Model Test Mean STD Max

Cube 1 1.12 0.71 5.58

2 2.05 1.59 8.18

Cylinder 1 1.93 1.16 6.11

2 1.14 1.42 11.23

Goblet 1 2.40 1.79 9.30

2 0.68 0.51 3.41

Pendulum 1 1.93 1.39 9.84

2 2.79 1.79 9.10

Button 1 1.30 0.85 4.75

2 1.00 0.53 3.18

Table 1. Analysis of penetration depths for surface tracing tests on �ve mod-

els. All measurements are in mm.

The �rst test case serves as a base line and consists
of tracing the model in a static position. The second test
case used moving models controlled by the physically based
simulation; only values during contact were collected for
analysis with each test consisting of over 10,000 data points.
The Sarcos Arm was run with surface sti�ness of 6000N/m
to provide a comfortable tracing experience.

Table 1 shows that the results for test 1 and test 2 are
similar. The �rst column shows that the mean penetra-
tion depth in all cases was less than 3mm with an aver-
age mean of 1:63mm. The standard deviation illustrates
that the penetration depth is not only consistently near
the mean, but also consistently small. The �nal column

gives the maximum penetration depth observed during the
test; this value usually occurs when the user either presses
very hard against a static object or tries to move an object
swiftly. Even in these cases the maximum value was below
12mm and on the average it was less than 7mm.

To further illustrate the consistency of the trace algo-
rithm, histograms are given in Fig. 7 for tests one and two
as performed on the cylinder. Both histograms show a tight
distribution of penetration depths with peaks at less than
2mm.
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Figure 7. Penetration depth histograms for the cylinder.

Figure 8 illustrates the accuracy of our two-spring
model for the push button with detent. The data was col-
lected while the user depressed the button. The realized
force was derived by mapping the Sarcos Arm load cells
through the manipulator Jacobian pseudo-inverse.
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Figure 8. Measured force versus button travel.

7 CONCLUSION

We have demonstrated new techniques that allow vir-
tual haptic environments to be populated by maneuverable
NURBS models. These techniques, in conjunction with
equations we have presented that produce high quality re-
sults with our Sarcos Dextrous Master (a high inertia de-
vice with a complex dynamics structure), increase the level



of physically based interactivity. This combination greatly
improves the amount of information a designer can gather
about a design. Furthermore, with the synchronized visual
and haptic display, the designer can immerse himself in the
design environment.
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