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® Defining a Language
® Defining Type Rules

® Type Soundness

Programming with Functions

® A program comprises function definitions and applications

f(x)=(x xx)+10

f(2) =14

Programming with Functions

® A program comprises function definitions and applications

f(x)=(x xx)+10

9(f(2)) =42

Programming with Functions

® Functions consume and produce more than numbers

mkpair(x,y) = X, yOd

mkpair(1,2) =1, 20



Programming with Functions Programming with Functions

® Functions consume and produce more than numbers ® Functions consume and produce more than numbers
mkpair(x,y) = X, yQd mkpair(x, y) = X, yd
mklist(x, y) = mkpair(x, mkpair(y, empty)) mklist(x, y) = mkpair(x, mkpair(y, empty))
**************** a fst(X, yJ = x

mklist(1, 2) =1, 2, empty

fst(mklist(1, 2)) = 1

Programming with Functions Computation as Algebra

® Use functions to build complex data from simple constructs ® Compute using algebraic equivalences

® Implement branches with conditional functions
f(x) =(x xx) +10

add(n, N, pb) =, NClpbO

n=n2 N

lookup(n, 2, NLJpb() E{ n#n2 lookup(n, pb)

lookup("Jack", add("Jack”, "x1212", empty)) = "x1212"




Computation as Algebra

® Compute using algebraic equivalences

f(x)=(x xx)+10

f2) = (2x2)+10
= 4+10
= 14

Computation as Algebra

® Equivalence is pattern matching...

mkpair(x, y) = X, yd

mklist(x, y) = mkpair(x, mkpair(y, empty))

mklist(1,2) =

Computation as Algebra
® Equivalence is pattern matching...

mkpair(x,y) =X, yO

mklist(x, y) = mkpair(x, mkpair(y, empty))

mklist(1,2) = mkpair(1, mkpair(2, empty))
= [, mkpair(2, empty)d
= [, 2, empty

or = mkpair(l, mkpair(2, empty))
= mkpair(1, 2, emptyD)
1, 2, emptyD

Computation as Algebra
® . and matching with conditionals

add(n, N, pb) =Im, NClpbO

n=n2 N

lookup(n, tn2, Nmpbgz{ n #n2 lookup(n, pb)

lookup("Jack", add("Jack", "x1212", empty))

lookup("Jack”, MJack", "x1212"Clempty)
"x1212"



Computation as Algebra Higher-Order Functions

® .. and matching with conditionals ® A higher-order function is one that consumes or produces functions
add(n, N, pb) =, NClpbO fx)=x xx
n=n2 N twice(g, x) =g(g(x))

IOOkup(n’ 2’ Nupbu E{ n z n2 Iookup(n pb) 7777777777777777 .
,,,,,,,,,,,,,,,, N twice(f,2) = f(f(2))

- . .o ; = f(2x2)

lookup("Jill", add("Jack", "x1212", empty)) = 14

= lookup("Jill", MJack", "x1212"[]empty) = 4x4

= lookup("Jill", empty) = 16

stuck implies an error
Higher-Order Functions The Direction of Evaluation
® A higher-order function is one that consumes or produces functions 3+4="7
fst(X, yD = x

twice(g, x) = g(g(x))

twice(fst, 1, 2030

fst(fst((1, 20) 30)
fst(C1, 20)
1




The Direction of Evaluation The Direction of Evaluation

3+4=3+(2+2) f(2) -1+f(2)+1

-1 +f(sqrt(4)) +1

® [or programming, we want an evaluation direction that produces

values
Expressions and Values Evaluation
® Many possible expressions ® Define evaluation to reduce expressions to values
8 2+7+8 - 9+8

- 17
2+7+sqrt(9)

fst

1, fst(lempty, emptyDO

® Certain expressions are designated as values
8
fst

1, empty]




Evaluation with Higher-Order Functions

® Problem: creating new function values

fx)=x+1

gly)sy+2

compose(a, b) =...

can't put a(b(...)) in place of ...

Evaluation with Higher-Order Functions

® Problem: creating new function values

fx)=x+1

g(y)sy +2

compose(a,b) =...

compose(f,g) -

where
h(z) =f(9(2))

Evaluation with Higher-Order Functions

® Redunction-friendly function notation:

Replace

with

fx)=x+1

f=Ax.x+1)

Evaluation with Higher-Order Functions

® Definition with = merely creates a shorthand
f=Ax.x+1)
® Apply functions through A-application reduction

(A x . M)(v) - M with x replaced by v



Evaluation with Higher-Order Functions

® Definition with = merely creates a shorthand
f=Ax.x+1)
® Apply functions through A-application reduction
(A x . M)(v) - M[ v/X]
f(10) = (Ax.x+1)(10)

- 10+1
- 11

Evaluation with Higher-Order Functions

® Simple functions as values

mkadder=(Am.(An.m +n))
add1 =mkadder(1)

add5 = mkadder(5)

add5 = (Am.(An.m+n))5)
> (An.5+n)

Evaluation with Higher-Order Functions

® Simple functions as values

mkadder=(Am . (A n.m +n))
addl =mkadder(1)

add5 = mkadder(5)

add5(1)

Am.An.m+n))5)(Q)
- (An.5+n)1)

- 5+1

- 6

Evaluation with Higher-Order Functions

® Returning to the definition of compose

f=Ax.x+1)
g=QAy.y+2)
compose =(A (a, b). (A z. a(b(2))))

compose(f,g) = (A(a,b).(Az.a(b(2)f.9)
- (Az.f(9(2)



Abbreviations

fac=An.if0On
then 10O
el se nxfac(n -0

lllegal: fac isn't merely a shorthand
because it mentions itself

mkfac=Af.An.if0On

t hen 10

el se nx (f(f))(n -0
fac = mkfac(mkfac)

Outline

® Programming with Functions

»e Defining a Language

® Defining Type Rules

® Type Soundness

Definining a Functional Language

Steps to defining a language:
® Define the syntax for expressions
® Designate certain expressions as values

® Define the reduction rules on expressions

Syntax: Expressions

M = 0O

| x

| M-M

| MxM

| ifOMthenMelseM
| Ax.M

| MM

= an integer

X = avariable

where parentheses can be put around any M

5O represents 5



Syntax: Expressions

M = O

| X

| M-M

| MxM

| ifOMthenMelseM
| Ax.M

| MM

= an integer

X = avariable

where parentheses can be put around any M

b~ (B0 represents the subtraction of

3 from5

Syntax: Expressions

M = O

| X

| M-M

| MxM

| ifOMthenMelseM
| Ax.M

| MM

= an integer

X = avariable

where parentheses can be put around any M

AX.X represents the identity
function

Syntax: Expressions

M = O

| x

| M-M

| MxM

| ifOMthenMelseM
| Ax.M

| MM

= an integer

X = avariable

where parentheses can be put around any M

(A x . x)((6D represents applying the

identity function to 5

Syntax: Values

VvV = MmO
| Ax.M
O a value
AX.X a value
GO~ 3O not a value
A x.x)(3xD not a value
Ay . (A X X)) a value



Reductions

|__ml|:|— mQD - ml_nzlj
th,Ox [h,O - [hyxn,O

i fO OO henM,elseM, - M,
ifOmMCt henM,elseM, - M,

Reductions

|__ml|]_ |]12|:J — ml_nzm
[h,[x [, - [h,xn,0

i fOOOthenM,elseM, - M,
i fOmMOthen M, el seM, - M,

ifnz0 ifnz0

(A x . M)(V) -  M[VIX] A x . M)(V) -  M[VIX]

bO- B0 20O i fO DO hen Blel se (Ax.x) - BO
Reductions Reductions

|]]1|:|— |]]2|:| - |]'|1—n2|:| l]]llj_ l]]zl] - ml_nzu

th,Ox h,0 - [hyxn,O (h,Ox h,0 - [hyxn,O

i fO OOt henM,elseM, - M,
i fOmCt henM,elseM, - M,

O x . M)(V) ~ M[ VK]

i fOOACt hen BbOel se AXx.X) - (AX.X)

i fOOOthenM,elseM, - M,
i fOmMOthen M, el seM, - M,

O x . M)(V) ~ M[ VK]

(Ax.xx10Q(BO - [BOx 00O



Reductions in Context

M-M, - Mi—-M,

where M; - M}
V-M, - V-M

where M, —» M;

My xM, - Mi;xM,

((50x 20) - ((BOx @0 - [100- ((B0x @0

Reductions in Context

M -M, - Mi-M,

where M; - M}
V-M, - V-M

where M, —» M;

My xM, - MixM,

Ao (BOx 40 - o120

Reductions in Context

ifOMthenM,elseM, - ifOM thenM,el seM,
whereM -~ M’

M1 Mz d M’l M2

where M, - M;

vV M, - VM,

where M, - M;

Ax. x)(ROxR2O - (Ax.x)(40

Reductions in Context

ifOMthenM,elseM, - ifOM thenM,el seM,
whereM - M’

M1 M2 g M’l MZ

where M, - M;

vV M, - VM,

where M, - M,

(Ax.X)Ay . y)(ROx 2D —~ Ay .y)(20Ox 20



Reductions in Context

A simpler way: define context

E =[]
| E-M
| V-E
| ExM
| VxXE
| (EM)
| (VE)
| iIfOEthenMelseM

E[M] - E[M] whereM - M

E[ M] means E with [] replaced by M

Reductions in Context

A simpler way: define context

ifOEthenMel seM
E[M] - E[M] whereM - M

E = HMAO-([] x(2O+0OD)
E[ (MO-30O] = [QO-(@0-0B0 x (R2O+0O0)

Reductions
EMD— HIZD - |]]1—n2|:|
th,[x 0h,O - [hyxn,O

i fO OOt henM,elseM, - M,
i fOmMCthenM,elseM, - M,

ifnz0
(A x . M)(V) -  M[VIX]
E[ M] - E[M]
whereM - M’

Is this language deterministic?

Deterministic Reduction

Theorem: For any M, at most one reduction rule applies.
Proof: By induction on the structure of M.

... requires a lemma ...

Lemma: There exists at most one E and M, such that E[ M,] =M where

M, is reducible by one of the first five reduction rules.

Proof: By induction on the structure of M.



Induction on Expressions

M thid

X

M-M

M x M
ifOMthenMel se M
AX.M

MM

base case inductive case

Base Cases

E = []|E-M|V-E|ExM|VXE
| (EM)|(VE)|ifOEthenMel seM
® Assume M =[h[]

© The only way to match the grammar for Eis E=[] and M, =[h[
But that M, is not reducible, so there are no matches.

® Assume M =X

© The only way to match the grammar for EisE=[] and M, =x...

Inductive Cases

E = []|E-M|V-E|ExM|VXE
| (EM)|(VE)|ifOEthenMel se M

® Assume M=M, - M,

© Assume M, # V,. The only match is E = E, - M.. By induction, there
is a unique E,[ Mg] =M,, and Mg = M,.

© Assume M, =V,. This matches E = E, — M,, but E, would have to
be [] and M, would have to be V,, which is not reducible. So
E =V, - E.. By induction, there is a unique E,[ Mg] =M,, and
Mg = M.

Inductive Cases

E = []|E-M|V-E|ExM|VXE
| (EM)|(VE)|ifOEthenMel se M

® Assume M =M, x M,.

© Analogous to the subtraction case.



Inductive Cases

E = []|E-M|V-E|ExM|VXE
| (EM)|(VE)|ifOEthenMelseM

® Assume M =M, M,.

© Analogous to the subtraction case.

Inductive Cases

E = []|E-M|V-E|ExM|VXE
| (EM)|(VE)|ifOEthenMel seM

® Assume M =AX.M,.

© Analogous to the number case.

Inductive Cases

E = []|E-M|V-E|ExM|VXE
| (EM)|(VE)|ifOEthenMel se M

® Assume M =i f 0 M, t hen M; el se M,. The only match is
E=ifOE,then M,el se M,.
© Assume M, =V,. Then E, =[] and there is no non-value M,.

© Assume M; # V,. By induction, there is a unique E,[ M§] =M, and
Mg = M,.

Inductive Cases

E = []|E-M|V-E|ExM|VXE
| (EM)|(VE)|ifOEthenMel se M

Since we have covered every possible shape of M, the lemma is proved.



Handling State

M = ..
| newrefM

| defrefM

| setrefM=M

| newrefE

| derefE

| setrefE=M
| setrefV=E

Handling State

Possible reduction rules:
V = ..|newrefV

deref (newref V) -V
setref (newref V,) =V, - newrefV,

Example:

(A r . deref r)(setref (newref (b0) =120
(A r . deref r)(newref (120
deref (newref (120)

= 20

Handling State

Possible reduction rules:
Y = ..|newrefV

deref (newref V) -V
setref (newref V,) =V, - newrefV,

Problem:

(Ar.(Ad.derefr)(setref r =100)(newref (b[)
= (Ad.deref (newref 5))(setref (newref B0 = 100
= (Ad.deref (newref 5))(newref (100
= deref (newref (b0
= [0

Handling State

Correct reduction requires a store

0o = astore address
S = amapping fromotoV
V = ..o
[$, m]_l]_ |]'|2|:|D - |:$, ml_nzl:[l:l
(8, newref VO - [[B[o=V], o0
wherecisnotin S
B[ 0=V] , deref o - [B[o=V],Vvd

B[ o=V,] ,setrefo=V, - [B[o=V,],c



Handling State

[$, |__ml|:|— |]12|:|D -
(8, newref VO N
(B[ 0=V] , deref o0 =

5] 0=V,] ,setrefo=V, -

|:$, ml_nz[[D

(B[ 0=V] , o
where gis notin S
B[ o=V], VO
B[ 0=V,] , o0

Q}, (Ar.(Ad.derefr)(setref r =[A100)(newref b0
= Qo=0b0,(Ar.(Ad.derefr)(setref r =[100)(c)0

Ho=0003, deref o

o=, (A d . deref o)(setref o =1000
Ho=[100, (A d . deref o)(o)U

Handling State

After changing the language, we have to go back and fix the proofs (in
principle).

= [{o=11043, 10
Outline Type Rules
® Programming with Functions b i nt
® Defining a Language BO- 000 nt

» e Defining Type Rules

® Type Soundness

Ax.x)(BO:int

(A x . x) = [A00: no type

i fO Ot hen ACel se (A x.Xx): no type



Type Rules

® arithmetic expressions produce integers

Type Rules

® | f 0: assume both branches have the same type

i nt M:int M,: T M,: T
ifOMthenM,elseM,: T
M. :int M, :int
M.-M,:int B
7777777777777777 - 200 nt B i nt
O i nt 2+ B i nt A0 i nt
B i nt i nt i fO0 Dt hen (QEH' [:BD el se (AT i nt
B0 i nt BO-0A0i nt
b0~ (BO-A0:int
Type Rules Type Rules
® Fix up old rules
® \What about variables?
MO i nt
X
shouldn’t have a type
MM, :int M-=M,:int
r |_ M1 - Mz | nt
AX.X
X needs a type, used towards the expression type
MN=M:int FrEM.: T MrM=M,: T
® Accumulate variable context in an environment, I FRifOMthen M,el se M,: T
Fe=x:T ifrx)=T
**************** - {x=int} OO i nt {x=int}Fx:int

{x=int}kFx:int

{x=int}-OO0-x:int



Type Rules

® Function type: T, - T,

M{x=T}-M:T
Fr’FEAX.M):T T

FTEM:T o T MM, : T
FEM M) T

{x=int}kFx:int
{IFAx.x):int -int B i nt

FAx.x)(B0 ;i nt

Type Rules

® One more function example (abbreviate i nt withi )

{f=i i} Ffii o {y=i}ry:i
{f=i ~i}F5:i {y=i}F O
{f=i —i}FfB| {y=i}ry -0

OFAF.fBD:( —i )i OFAyYy.y-0O0:0 i

{}FAf.fBOAY.y-QO0:i

Type Rules
FrNM: T FNM:refT
Mnewref M:ref T l-derefM: T
FEM,:refT NrM=M,: T

M-setref M, =M, :ref T

{} OB i nt
{} Fnewref B ref i nt {}IPO i nt

{} Fsetref (newref b0 = 70 ref i nt

{} +deref (setref (newref D) =70 :i nt

Outline
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® Defining Type Rules

» e Type Soundness



Soundness

Theorem: If {} FM : T then either

® There exists S' and V such that }, MO- ... - [§', VO

® Forall S'and M', if I}, MO- ... » [$', M'[lthen there exists S" and M"
such that [$', M'0- ", M"0

In other words, an evaluation never gets stuck.

The proof relies on two lemmas: a preservation lemma and a
progress lemma.

Soundness: Preservation

Lemma (Preservation): If
© 3, MO- 3, M'Cand
O MSFM:T,

then
O MS'M-M:T

where IS0 o) =TifS(o)=Vand{} -V :T.

Proof: By induction on M.

Soundness: Progress

Lemma (Progress): If
© MisnotaV and
© and ISOO-M : T,
then

O there exist M’ and S’ such that [5, M- [5', M'[J

Proof: By induction on M.

Soundness Proof Sketch

Lemma: If (ISOO- M : T then either

® There exists S' and V such that [$, MO- ... » [B', VO

® Forall S and M, if (5, MO- ... - [B', M'(then there exists S"" and M"’
such that [§', M'0- 3", M"'O

Proof sketch:

® The Progress Lemma says that we can take a step if we're not yet to a
value.

® The Preservation Lemma says that the step preserves the type, so
we’'ll be able to take another step.



Conclusion

® pProgramming languages are formally defined using algebra
® A language definition comprises

O a grammar

© a set of reduction rules

O an optional set of typing rules

® Soundness ensures that the type rules and reduction rules are
consistent




